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Chapter 1

Introduction

In this chapter we briefly indicate [the present] status of vibrational and electronic states

of sapphire (AlyO3), zinc oxide (Zn0O) and related materials. In particular we focus
on the need for appropriate theoretical and experimental methods which will lead to
better understanding of the mechanical and optical properties of these compounds. The
main aim of this dissertation is to study the vibrational and electronic properties of
the sapphire substrate for: ZnO, GaN, BeO, 6H-SiC and others. Experimentally, some
optical properties of ZnO/Al,O3 and GaN/Al,O3 have been investigated by means of
low temperature photoluminescence (PL) and Raman spectroscopy (RS). Particularly,
in order to distinguish the observed multiphonon processes from both materials, it is
necessary to study these processes in both ZnO and Al;O3 separately.

Phonons are the primary excitations that influence the thermodynamic, electronic
and optical properties of semiconductors and insulators. Experimentally the vibrational
states can be investigated using Infrared (IR), Inelastic Neutron Scattering (INS), X-ray
Scattering and RS yielding the density of states. Thermal neutron beams and X-rays
can probe the entire Brillouin zone (BZ). Sapphire (a-AlyO3) and zinc oxide (ZnO) are
the prototypes of corundum and wurtzite structures, respectively.

Wurtzite ZnO is a promising material for electronic and optoelectronic applications.
Varistors, transparent conducting electrodes and surface-acoustic wave devices are con-
ventional applications with polycrystalline material. ZnO of high quality could be used

for UV light emitting diodes and laser applications [1] 2].
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1.1 Vibrational Properties of Al,O; and ZnO
Sapphire

Aluminium oxides, in their different modifications, are one of the dominant minerals
in the earth’s crust. Moreover they are widely used in physical and technical applica-
tions due to their mechanical and optical properties both in pure (a-AlyO3) and doped
(Cr3*, e.g. Ruby, Tidt, V3* Sct, Gd3*, etc.) form [3, 4, 5]. The vibrational spectra
of sapphire have been extensively studied since the first infrared absorption studies of
Coblentz (1908) [6, [7]. Sapphire is a wide band gap indirect insulator with an energy gap
E, = 9.3¢eV and high thermal conductivity. Recently the growth of high quality synthetic
sapphire has turned it into a preferred substrate for materials such as ZnO, GaN, AIN,
InN, CdS, MgTe, BeO, 2H-SiC, 4H-SiC, 6H-SiC, etc. Sapphire is a transparent, hard
material with good chemical inertia. It supports most of the thin films in the group-III
nitrides and their wurtzite (GaN),,(AIN),, superlattices (SL) and heterostructures, e.g.
AlGaN operating at high temperatures.

New developments in particle physics, in the search for Dark Matter, have turned
sapphire into an excellent cryogenic phonon-scintillator due to its ability to distinguish
weak interactions of massive particles and rare interaction signals from those caused
by background radiations. Doped with Ti**, sapphire is used as an X-ray detector for
energies in the range 15 — 60 KeV [§]. Recently the density of state (DOS) of Al,O3 was
measured by neutron spectroscopy but no appropriate group theoretical assignment of the
involved phonons was provided [9]. In addition, the effect of Time Reversal Symmetry
(TRS), multiphonon processes, as well as phonon selection rules have not been taken
into account. At the present and in general there are no comprehensive group theoretical
studies of Al;O3. We have therefore derived the so called Lattice Mode Representation
(LMR). From the LMR we obtain the total number of first order non-interacting phonon
modes and their degeneracy [I0]. Moreover, we study the phonon modes with respect
to TRS. In addition, we discuss the multiphonon processes in AlyOs. The results are

compared with available experimental data.
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Wurtzite ZnO

Wurtzite ZnO is a direct gap II-VI compound semiconductor. ZnO crystallizes in the
hexagonal structure with two formula per unit cell. Each Zn atom is tetrahedrically sur-
rounded by four oxygen atoms and vice versa. This tetrahedral coordination is common
for several semiconductors ranging from the group IV elements over I1I-V compounds to
I1-VI compounds such as ZnO. The lattice dynamics of ZnO have been studied by several
authors [11], 12, 13]. Phonon spectra have been studied by both Raman and infrared
techniques. Infrared absorption data have been mostly connected with multiphonon pro-
cesses, with phonons having wave vectors in the vicinity of the BZ edge [11]. The infrared
reflection data yield the infrared active phonons at the zone centre. The multiphonon
modes were not well resolved and therefore difficult to interpret. Futhermore, the lack of
polarization data on ZnO could not unambigously determine the phonon symmetry [11].
Hewat attemped to map the phonon dispersion curve of ZnO and BeO using electron
diffraction [12]. In particular Thomas et al. have measured and calculated dispersion
curves with a different model for ZnO [13]. However, the authors did not discuss the

effect of Time Reversal Symmetry on some phonons.

1.2 Opto-Electronic Properties of Al,O3 and ZnO
Sapphire. Space Group D, (R3c)

The electronic structure of sapphire is characterized by a conduction band and two
well separated valence bands. A variety of theoretical and experimental studies have
been undertaken aimed at elucidating the underlying structure and electronic properties,
absorption, luminescence, intrinsic and extrinsic excitations [14].

Studies have concentrated on spectral measurements in order to derive the broad
features of the electronic structures from the results of several optical absorption spec-
troscopy such as x-ray emission, x-ray photoemission spectroscopy (XPS) and electron
energy loss (EELS) spectroscopy [14]. At the present there is no theoretical work provid-
ing consistent interpretation of the spectra. It is well accepted that the valence band

is grouped into two bands, but there is consensus about the widths of these bands
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(8.4 — 9.6eV). In particular, the low energy structures in the excitations spectra have
prevented an unambiguous determination of the fundamental band [14]. We make an at-
tempt to interpret some of the excitation spectra of complex irreducible representations

(irrps); according to those the spectral energy levels of Al,O3 are classified.
Wurtzite ZnO. Space Group CZ, (P63mc)

7m0 is a direct wide band gap semiconductor that crystallizes in a hexagonal struc-
ture. The energy band gap E, = 3.37eV at room temperature and 3.5eV at a very low
temperature. Wide band gap semiconductors such as ZnO and GaN, etc. have received
considerable attention owing to their optoelectronics properties [15]. Optical experiments
near the fundamental absorption edge may be a useful tool for studying band parameters
in semiconductors and insulating crystals. It has been pointed out that the shape of
the absorption edge could provide information about the band symmetries in anisotropic
crystal like ZnO. The line structure which can be associated with direct transition is
present in the absorption or reflection edge spectrum [16]. ZnO has a strong near-band-
edge excitonic absorption spectrum even at room temperature. At low temperature,
luminescence of the ZnO near the band gap is dominated by several narrow lines due to
the recombination of excitons bound to native impurities or structural defects [15] [17].
Recent magneto-luminescence measurement at low temperature (77 = 1.5 K) and mod-
erate magnetic field (5 Tesla) in doped ZnO shows several splittings of energy levels at
the edge of the conduction band compared to the zero magnetic field. The split off en-
ergy levels are tentatively ascribed to exciton complexes bound to impurities involving
TRS [1§]. To the best of our knowledge there is no group theoretical model for interpre-
tation of the splittings by taking into account the effect of TRS on electronic states in
ZnO [20].

The aim of this thesis is to investigate by means of group theoretical and experimental
methods the vibrational and electronic states in sapphire and ZnO throughout the entire

BZ, in the absence and presence of TRS.
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Chapter 2

Symmetry Aspects

In the forthcoming section we first briefly recall the necessary space group theory relevant
to sapphire and wurtzite (their representations and characters). We also discuss the
Frobenius-Schur criterion [21I] on real and complex irreducible representations (irrps).
Particularly, we discuss the Lattice Mode Representation (LMR) theory and apply it to
Aly03. Decomposing the reducible LMR onto irrps species throughout the entire BZ,
we obtain the total number of symmetry allowed modes and their degeneracy. It is well
known that the states of quasi-particles in crystals such as electrons in the conduction
band, holes in the valence band, excitons, phonons, plasmons, polaritons, etc., in short
“ons” are classified according to the irreducible representations of a space group . Here
the wave vector runs over the entire BZ and denotes the three quantum numbers &, k,,

k. [20].

2.1 Space Groups: Irreducible Representations and
their Characters

It is well known that the states of quasiparticles in crystals such as electrons in the
conduction band, holes in the valence band, excitons, phonons, plasmons, polaritons,
etc. in shot “ons” are classified according to the irrps of a space group of a crystal.
We use the irrps and their characters for the determination of optical selection rules in

electronic transitions, as well as in multiphonon processes. Consequentely in the next
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sections we provide the necessary group theoretical methods for TRS aspects, LMR and
Optical Selection Rules (OpSRs).

The theory of 230 space group and their irrps and characters as well as Kronecker
Products (KPs) together with Wave Vector Selection Rules (WVSRs) can be found in
Miller and Love [22] and Cracknell, Davis, Miller and Love [23] hereafter referred to as
ML and CDML tables, respectively.

2.1.1 Sapphire Al,O3 Structure

Sapphire can be considered as a slightly distorted arrangement of hexagonal closed packed
oxygen ions with aluminium ions occupying 2/3 of the octahedral interstitial sites [24].
The space group is DS; — (R3c), No.167 in CDML-tables [23], belonging to the trigonal
system. The primitive cell is rhombohedral containing two formula units. Each unit has
three oxygen and two aluminium atoms. The generators (augmenters) of small irrps and

their characters for Al,O3 are given in CDML tables.[23]

2.1.2 Wurtzite: ZnO Structure

Wurtzite ZnO and related materials (i.e. GaN) belong to the space group Cg, — (P63mc)
with four atoms in the unit cell. The primitive cell is hexagonal [20]. The factor group

for wurtzite at k = 0 contains twelve symmetry operators distributed among six classes.

Using the CDML-tables [23] we group the single (SV) and double valued (DV) irrps
for different k in the entire BZ.

2.2 Time Reversal Symmetry

The phonons are classified according to single valued representation (SV). The state of
electrons, holes, particles with half-interger spin are classified according to the double
valued representation (DV). The inclusion of spin results in spinor representations those
are complex (due to the Pauli spin operators). When an irrp is complex, an extra
degeneracy may occur. In such, a quantum state of “ons” are classified according to the

“joint” reps D @D* [22] 23]. This will affect many phenomena. For example, it will

12
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increase the dimension of the dynamical matrices. It also will change the selection rules
for optical transitions. It increases twice the degeneracy of states. It will also influence
the scattering tensors and other processes taking place in crystals involving Kronecker
Products of irrps. It is therefore of importance to find out which irrps of a group are

complex before an analysis of experimental data is undertaken [20].

2.2.1 Ciriteria for Real and Complex Irreducible Representa-

tion. Point Groups

Frobenius and Schur [21] showed that it is suficient to know only the characters of an
irrp to determine whether the irrp is real or complex. If the sum of characters of squares
of the group elements is equal to the order of the group |G|, then the irrps are real: if
the sum is —|G| the rep is equivalent to its conjugate: and if the sum vanishes the reps
D and D* are inequivalent. For single valued and double valued (spin included) irrps of

32 crystallographic point groups we write [22]:

1 case (a)
Z {2’10} =< 0  case (b) (2.1)
CG(k
-1 case (c).

In terms of basis functions W of D and U* of D* for case (a) the W and U* are
linearly dependent and no extra degeneracy occurs, while for case (b) and (c¢), ¥ and
U* are linearly independent and the states are classified according to the “joint” irrps

D & D* and extra degeneracy occurs.

2.2.2 Criteria for Real and Complex Irreducible Representa-

tion. Space Groups

The basis of irrps of space groups are Bloch functions Wy (r) = u(r) exp(ik - ), where k
runs over the entire first BZ and the 7 are translations. When spin is included the TR
operator is just a complex conjugation action on the function. Clearly the TR operator

transforms k into —k. The k is the first wave vector of the star {*k}. The total space

13
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group G contains all groups of all members of the star and can be decomposed onto

cosets in terms of the first wave vector of a space group G(k):
G = G(k) + {p2|T2}G (k) + {s|T5}G (k) + - + {p,|T}G (k).

The subscript o is reserved for the coset representatives {¢,|7,}. And the members
of a star are obtained by symmetry operators ¢ of the point group G(kg). The star of
the first wave vector in the fundamental domain of a BZ is {*k} = {k1 = ¢1k, ko =
ok, ks = psk,... ks = psk}. Evaluation of the characters of the squared operators
yields:

!/

x({olro}?) = x({@loTo + To}) = x({L|T, + 0T + T — T,}
= X({E|m})x({#’|T0})

X{elTe}?) = exp(ik - To)x({¢*|7T0}), (2.3)

(2.2)

where in the equation (2.3)) the translation vector 7o = T¢+¢T<‘D—T; has to be calculated
and ‘r;, is a non-primitive translation vector and is associated with the symmetry element

»* C G(k) [25,26]. The criterion for real and complex irrps of space groups becomes:

1 case (a)
G .
% > exp(ik - To)x({&° [T, 10k ok =4 0 case (b) (2.4)
pCG(k)
-1 case (c) .
For 7o = 0, the criterion for real and complex representations is given by the

Frobenius-Schur theorem [2I]. A comprehensive discussion of TRS for space groups
that takes into account the equivalence of the wave vector k (whether or not the wave
vector k is taken into —k in the Brillouin zone) can be found in [10, 27, 28]. Up to
now we have considered only single valued reps of space groups (spin excluded). The
inclusion of spin leads to double valued reps. The criterion (equations ) is also
valid for spinors. In general in order to perform a calculation using equation (2.4 we
must consider a system with (i) integral and (ii) half-odd-integral spin. A combination

of the three cases (a), (b), and (c) with (i) and (ii) results in additional six possibilities

14
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which can be expressed as follows:
e No extra degeneracy in case (a)(i) and (c)(ii).
e Doublet degeneracy in cases (b)(i), (b)(ii), (a)(ii) and (c)(i).

For spinor representations we also have cases (a), (b) and (c¢) but with different
interpretation. In case (a) the spinor representation must have even dimensions and the
one dimensional irrps must then belong to case (c¢). Case (b) is more complicated and a
complete analysis is given in Ref. [28]. All other spinor irrps with real character belong
to case (a). Using this theorem we have found several phonons to be TRS influenced.

The presence of TRS in crystals results in modified classification of states (“ons”),
phonon dynamical matrices, energy bands, optical selection rules, and others. In the
table we list the complete of matrix representations and their characters for the DS, and

C¢, space groups.

2.2.3 Sapphire Al,O;. Irreducible Representations Under Time

Reversal Symmetry
For trigonal BZ the high symmetry points are I', T', P, F', Y, L and lines A, X. At the
highest symmetry point I', k = 0, we have the irrps I'14 o1 31 case (a), I'ys 54 case (b)
and I'gy case (c), and k # 0, the equation (2.1]) must be taken into consideration for each

symmetry point and line. Using equation (2.4) and CDML tables we have tested all reps

of the high symmetry points and lines of sapphire. The results are:
case (a) Fli,Qi,:&i; Ly, Fli,Zia Y1,27 Z31,2
case (b) Iyt s5e; Thos, Fir, Y3, Moase, 234

case (¢) Lex: Ag; Tuse, Fax, Ya, Lo

In case (a) no extra degeneracy arises. For cases (b) and (c) the degeneracy of the
states increases twice. Consequently the states of sapphire (phonons, excitons, etc.)
TRS influenced will now be classified according to irrps I'ye @ Iy, I'sy @ 5, T1 ©
T7,. .., X4 ®X;,...,.Lo ® L5. We found 17A, 177 and 17P phonon states which are TR

15
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influenced [29]. These modes are classified according to: A;(1) & Aj(1), Aa(1) & AS(1),
A2 @ A3(2); Th(1) 8 Ty (1), To(1) & T3 (1), T5(2) & T (2); A1) @ Py (1), Po(1) & P5(1),
P3(2) @ P;(2). These phonons are classified by “joint rep”. Comprehensive tables in
Appendix [Table A.17]list all Al,Oj3 irrps according to case (a), (b), or (c). The Appendix

table lists a classification of wave vectors according to equivalence of the wave

vector for Al;Os3.

2.2.4 Waurtzite ZnO. Irreducible Representation Under Time

Reversal Symmetry

Similarly for ZnO [20] we have:
case (a) I'; (j =1—6), My 234, Ki23, £12, T12, Hs. Real reps. No extra degeneracy.
case (b) A; (i=1-6),A; (i=1—6), Hi2, L1234, Ui 234, P123 S12. Complex reps.
case (¢) Ry2, ['759. Complex reps.

For other high symmetry points and lines (k # 0) we list the result of the equivalence
test among the wave vectors ks in the table in the Appendix .

In this chapter we obtained the necessary group theoretical results needed for the
analysis of optical selection rules. In the next section we outline the derivation of the

Lattice Mode Representation.

2.3 Lattice Mode Representationfor Al,O;

In this section we derive the LMR. Our aim is to obtain the total number of the first order
non-interacting modes, their symmetry and degeneracy. To this end we introduce a basis
consisting of displacments and (stretch and bending) bond length angles between atoms
in the unit cell. Imposing symmetry operations onto the basis, we generate the matrices
of LMR. Using the multipication table and generator matrices we obtain the
characters of the LMR. The first explicit derivation of a LMR of a full set of reducible

matrices has been performed for GaN, which belongs to space group Cg, /T [20].

16
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2.3.1 Sapphire

The primitive cell of Al;O3 is rhombohedral, containing two formula units. Each unit
contains three oxgygen and two aluminium atoms. Taking the two unit formula in the
primitive cell we obtain ten atoms with three degrees of freedom each, which yields thirty
phonon modes for sapphire. In here, we define the 27-basis vector consisting of three (3)
displacements and twenty four (24) angles for the reducible LMR as shown in the Figure
(see Appendix , page. Acting on the basis vector by symmetry operators we obtain
the LMR. It is sufficient to generate three 27 x 27-matrices using the three augmenters
(generators) Cf (3), {Cy,/7} (7.1) and {0, |7} (19.1). The angle between x-axis and
y-axis is 60°. The z-axis is perpendicular to both x- and y-axes. The operator {o,1|7}
(19.1) vertical mirror, is placed along the y-axis and perpendicular to the axis of the
symmetry operator {Cy, |7} (7.1), whose axis is contained in the oxygen basal planes
[29]. Proceeding in a similar manner, or using the multiplication tables for corundum,
we obtain all the other nine matrices of LMR for sapphire. The characters of the LMR
together with the character of irrps (k = 0) of Al,O3 are given in the Table . The
first extended structure for corundum shows aluminium atoms at non equidistant sites
from the oxygen planes at inequivalent sites [24]. The operator Cj transform the basis

vector into a vector:

dy ds dy oy g vy B B3 B Bs B Ba 02 01 03 cty vy oy By By By B Bs By 0y 05 51]

That is
dy
do
ds with a sub-matrix
E ! ! / 1
o | :[dgdgdl,...,525361, 010
: A=10 0 1| i=1,...,9.
5, 100
0y
0

17
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The A is a block diagonal matrix acting upon the basis vector of sapphire to yield

A
i
Ag

A (4, (4] A FARRER

d2 d2 dQ d2 d2 d2

d3 d3 d3 d3 d3 d3

{C5 |0} = A (Gl =B | {oult) C

5 5 5 5 5 5

5y 5y 5, 5, &, 5y

Js 8 Js Js Js 8

Decomposing the LMR onto irrps listed in , we obtain the total number of first non-
interacting modes, their symmetries (irrps) and degeneracy in the BZ. From the reduction

formula:
4y = ﬁ S XEER ({g]r}) ¥ ({alrh) (2.5)

where p runs over irrps I'i, oy, I'sy, B = 0 and Fiy o4, 319, Y12, Ly for k # 0, we
obtain the symmetry allowed normal modes spanned by LMR. The characters of F, X,
Y and L can be found in Ref. [23].

The normal and real modes obtained by decomposition of LMR onto irrps are:

I' : 2@, @20 _ &30, @2y @505, @ 4T,
F ' TFy ®8Fyu, ®6F 4 @ 6F_

Y 138 @ 14%,

Y 13V @ 14Y,

L : 27,
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Due to the fact that our basis is real (displacement and angles) we obtain total
number of non-interacting real modes (i.e. real irrps not TRS influenced). However,
the task remains to investigate all the irrps of sapphire and find out which of those are
complex. In other words, we have to investigate the phonons (irrps) in sapphire that
are TRS influenced. Using the Frobenius-Schur criterion, equation , we have found
Aia3, Tio3 and Pjo3 irrps to be TRS influenced. These phonon states are classified
according to A ® A*, T'@® T* and P & P*rep respectively. Consequently the degeneracy
doubles. In the Appendix we explicitly provide the form of the LMR matrices for sapphire

and their characters (k=0 ) in (page [52).

2.4 Connectivity Relations

From the LMR we have obtained eighteen symmetry allowed modes, not TRS affected
at k = 0. These are:

Fcrystal _ 2F1+ @2l @ 3F2+ ® 205 @ 5F3+ ©® 4F3,

vib

To determine all other symmetry allowed modes originating from the entire BZ we
use the connectivity relations between high symmetry points and lines in BZ in the
first domains in the Appendix (see Figure for reference). Splitting of states at high
symmetry points and lines usually takes place by lowering of symmetry. When going from
point I' along the lower symmetry axis and points the splitting of phonons dispersion
curves must occur. This effect is well known and was frequently observed experimentally
in many semiconductors, mostly by Inelastic Neutron and X-ray scattering. Group theory
predicts the exact kind of splitting by means of compatibility relations. In the Appendix
we analyze and list the connectivity relations for modes subjected to TRS. To the best of
our knowledge compatibility relations for TRS influenced phonon dispersion curves have

never been taken into account.
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2.5 Spinor Representation

In the we discussed the opto-electronics of sapphire and ZnO which involve the electron
and hole symmetry. The inclusion of spin results in DV irrps. The spectra of ZnO
on sapphire substrate exhibits several high excitonic lines near the band gap region.
Frequently the laser beam reaches the sapphire substrate and therefore we may observe
deep level impurities and defects of Al,O3. In order to distinguish the spectral lines from

Al,O3 and optical transitions from ZnO, we focus on excitons symmetry due to TRS.

2.5.1 Spinors. Double Valued Spin Irreducible Representation

Owing to large energy gap of sapphire F, = 9.3 eV the formation of excitons in sapphire
is rather unlikely and consequently the excitonic transitions will not be discussed. An
exciton (electron-hole bounded complex) symmetry results in KP of electron and hole
symmetries. In ZnO we have three free main excitons: A. I'§8 @ Ty 2, B. T¢8 @ Y5
and C. T$B @ Ty . There are a number of bound excitons to neutral and ionized donors
and acceptors. It is clear that due to the presence of TRS the electrons in the CB and
holes in VB should be classified according to the joint irrps as follows: I'S? @ (T¢8)*,
LYB @ (TYB)*, TP @ (TYB)*, T8 @ (IyB)* and therefore the corresponding exciton
symmetries are: A, (IF7 & (IFP)") @ (I P& (IYP)); B, (P& (IFP) ) @ (Iy P& (IYP)")
and C, (T2 @ (T¢8)*) @ (TY B @ (TYP)*). In the following section we analyze the effect

on TRS on exciton symmetries and interpret the available experimental data.

2.5.2 Excitonic States in ZnO

In this section we briefly provide the necessary group theoretical tools to enable the dis-
cussion of excitonic excitations in ZnO and related materials. The spinor representations
for ZnO are I'7, I's and I'g. Due to TRS the states of electrons in the conduction band
and holes in the valence band are classified according to I'S? @ (T¢8)* ... TVP @ (IyB)*
rep. The irrp’s I'7, I's and T'g belong to case (¢) and consequently an extra degeneracy
is introduced. The wurzite exciton is made up of s-like state FICB ® Dyjp = F?B in
CB and three p-like hole (p,, py, p.) orbitals which transform according to the vector rep
(TYB(2) @ TYE(x,y)) ® Dyjg = I¥E(2) Do @ LY (w99 @ Dy g =IVE O TYB D TY?
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for hole states in VB. The symmetry of excitons are: (I'¢2 @ (I'$8)*) @ (Ty2 @ (TyB)*)
and (ISP @ (I$P)*) @ (TVE @ (TYB)*), abbreviated as 7 — 9 exciton and 7 — 7 exciton
respectively. Decomposition of the 7—9 and 7—7 excitons onto irrps gives 41"y 41, B4l
and 41’5 @ 4T'¢ respectively [18].
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Chapter 3

Multiphonon Processes. Selection

Rules

As mentioned the number of modes and thier symmetry (degeneracy) of primary non-

interacting phonons follows from the LMR, listed in, section 2.3| (subsection 2.3.1)). In

this section we investigate the multiphonon processes in Al,O3 and ZnO. Higher processes
arise from the mutual interaction between first order phonons. The phonon scattering
processes are permitted via deformation potential together with Frohlich interaction [30].
The selection rules for multiphonon processes and the phonon replicas replicas measured
by PL are obtained from KP’s governed by WVSRs. The frequencies of phonons can be

measured by means of infrared absorption, X-ray, Raman, neutron scattering, and PL.

3.1 First Order Modes in Sapphire and ZnO

Decomposing the LMR onto irrps species originating from the entire BZ we obtain the

first order non-interacting modes (10rMs), their symmetries and degeneracy.
For Sapphire at k = 0 they are:
r 2F1+(A1g) D 2F1,(A2u) @D 3F2+(A2g) @D 2112, <A2u> ) 5F3+(Eg> @ 4F3, (Eu)

and for 10rMs at k # 0, we have:

F @ TFiay ©8Fouy ©6F 14 ©6F2a_
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DI 1321 ) 1422
Y o 13Y; @ 14Y,

L . 271,

From the Frobenius-Schur criterion we obtain the following TRS degenerate modes:

P P17P27P3
T T17T27T3

A AlaA27A3

Thus it is clear that the above phonon states are classified according to:

P,e P, T,®T; and A; & A} with ¢ = 1,2, 3 irrps.
For wurtzite ZnO, we have:
At k=0,
I'=2Iy @2y 20 @ 21
In ZnO none of the phonons (SV rep) are TRS affected at k = 0.

The irrps at k # 0 are:

2A; @ 24,4 B 245 B 2As
20, ® 20, & 205 ® 2
2H, ® 2H, ® 4Hs,

2P, @ 2P, @ 4P

2K, @ 2K, ® 4K,

AL, ® 2Ly @ 2Ly

AM, @ 2M, @ 2M; & 4M,

AU, @ 2U, @ 2U3 @ 4Uy

v S = XN v oI Obox

S8Ry @ 4R,
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by 8% @ 43,
Q 601 D 6Q:
S 651 @ 657
A 6A1 ® 6A,
T 671 © 615

See the Table 1. in Reference, |20, [32], 33].

From the Frobenius-Schur criterion we obtain TRS degenerate modes:

A17 A4) A57 A6
Al? A47 A57 AG

The above modes are classified according to A; & Af and A; & Al rep (i =1,4,5,6)
with A; = A, A5 = A§, Ay = A} and A; = Aj joint irrps.

In order to study the Multiphonon Processes (MPh.Ps) we must distinguish interac-

tions between phonons with equal and different quantum momenta (hik).

The Raman scattering tensor is related to the KP of the vector representation [V].
Since the Raman tensor is symmetric, first oder Raman Active Modes (1RAM) species
are contained in the Symmetrized Square SSQ [V],, of the V, representation [20]. In

other words, decomposing the [V], onto irrps of a space group we obtain 1RAM.

3.1.1 First Order Raman Processes.

As stated, the Raman allowed modes are contained in the symmetrized part of the KP

of the V rep:

VeaV=[VeV]e, ®{V eV}

Sym

where the indexes “Sym” and “Ant” stand for symmetrized and antisymmetrized

parts, respectively.
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Al,O3

For Al,O3 (sapphire) we have the vector representation:

V= Ay(le-) ® B, (I'3-),

thus the symmetrized square of vector representation (SQV) yields the following:
V] = o (A2s) & I3 (Eu)] () = 2I'14(A1g) © 2134 (Ey) (IRAM’s)

In the LMR we find the following 1IRAM 2I'y, (A;,) and 5I's; (Ey) :

For wurtzite ZnO, we have:

V =T1(A1) & Te(Es)

And therefore

[Vl = [(T1(A1) @ T(E2))]2) = 2T (A1) © Us(Er) @ Ts(Ea) (IRAMs)

Similarly for ZnO we obtain six IRAM spanned by the decomposition onto irrps of
LMR. Clearly, we deal with six Raman modes at I'.

For irrps excluding the I'—point, k # 0.

For Sapphire:

The LMR decomposition onto real irrps yields the following real non interacting

modes [29]:
F TF, ©8F,y, ®6F,_®6F,
by 133, @ 143,
Y 13Y) @ 14Y,
L 271,
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3.2 Second Order Raman Processes

Overtones
The SQ of the real modes through the BZ, excluding the zone centre, are sym-
metry allowed if they contain any of the 1IRAM :

Fiipi)@) =201 @ 2054 or 2F)4.
L)@ =Ty @ T34 @ Fiy or Foy

[
[
[21 2](2) =TI'3, or X
[Yi2]2) = T'a+ or Iy

Any of the above overtones are symmetry allowed, for they contain I's, (£,). Inter-
action of two phonons (for example Fj,) may lead to a creation of a phonon with k = 0
measureable by RS. The allowed I" symmetry are contained in S@ of the irrps of high

symmetry.
Combinations.

The interaction of two different symmetries at the same high symmetry point may
result in phonon with low or high momentum.

The KP of different irrps at k # 0 may contain 1IRAM (k = 0) (A, or Ey).

Fii ® Foy =Ty ® T3 (E,) or Fip @ Foy
Fio@Fy=T1_-®y or Fi_ @ F5_

The frequencies of the overtones can be estimated from experimental data[29).
Wurtzite ZnO
Overtones the SQ of IRAM contains 1RAM:

Tl = 2T (A1)
[[s]2) = 2T (A1) @ ...

Combination modes. The KP contain 1RAM, thus are symmetry allowed[31], 38]:
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F1®F5 :F5(E1)
' @ T'g = ' (Es)
IN's@ls=I30T'y®I

3.2.1 Third Order Raman Processes

In the third phonon Raman processes we deal with symmetrized cube of irrps. If the
decomposition of symmetrized cube [|; of IRAMs contains any of the IRAMs, the three
phonon overtone is symmetry allowed. Similarly, if the decomposition of KP of three
different 1TRAMSs contains any of 1RAM, the combination is allowed. If an overtone
enters the KP we obtain a general combination. If for example [[;], ® I'; contains any

1RAM, where I'; is any of the 1IRAM, the general combination is symmetry allowed.

Sapphire

At zone center of the BZ, k = 0.
If the symmetrized cubes (SC) of the IRAM contain any of the IRAM the overtone

is symmetry allowed:

T4y = 3011 (Ayg)

or

[F3+(Eg>](2) = 3[4+ (Arg) & 354 (Ey).

Similarly if the triple KP of different 1-RAM contains any of the 1-RAM the combi-

nation is symmetry allowed:

'y @y ®T'sy =Tsy
or

iy @Isy @I =T @ Ty
Wurtzite Structure ZnO

Overtones

For wurtzite ZnO we obtain the following overtones:
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[T1]; =T

[F5]3 = Fl EB
Tl =T1 ...
Combinations

The three phonon simple combinations are symmetry allowed for in contains IRAM
(I'3) and have three different symmetries in the triple KP:

Mel;elsg=Tsdlyd

The general combination involves an overtone. There are many combinations of this

type. Here we have:

1], ® s =

[Ts], @y = [rl o Ts] @ {IL}

[5l, @ s = [ & T5] @ {T2}

[[s5], ® Ts = [F1 T @@ {Iy} ® Ly
[T1], ® g =

[Tel, @ Ty = [rl o Ts] @ {IL}

Tel, 95 =M @ s] @5 @ {2} @15
Tel, @6 =T @5 @6 @{I's} @ '

At k # 0 we obtain the following:
Sapphire

There is interaction throughout the BZ, I'-point excluded, with symmetry modes at

zone centre. In the case of phonons, these will interact and are measurable at zone centre.
Overtones throughout the zone centre excluding k =0 .

[Fitle) = 3014 (Ayg) or 3F14 or 3F%,
[Fi_l@) =31 or 3Fi_ or 3F;_
[Fos)s) = 8Tas o1 3F1 or 3Fy,
[Fy-]3) = 30— or 3F,_ or 3F,_
[Y1,2]

Yo @) =T3o0rY; orY,
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[Ll](3) =20
Enla) = T (Arg) 255
[22](3) = 2034 (Ey) © I

Wurtzite ZnO

Overtones k # 0

[Ki]; =[I'1 @ I's] or K or 2K,
[K]y =y @ I'y] or K] or 2K,
K3l =M@l @3 @ Ty @T's @ I] or 2I's or 2I's or
(K & Ky @ 2K3] or 2K or 2K, or 2K3
[Mi]; =[I'y @ 2I'5] @ {T's} or My or My @ M or 2M; or 2M,
[Ms), =I's @ 25 or {I'1} or My or My or My or 2M; or 2M,

[M3]3 :Fg D 2F6 D F4 or M3 or M3 D M4 or 2M3 or 2M4

Combinations

Simple combinations.

There are many combinations of irrps spanned by LMR.

K@Kyl =T el =T &lsor K1 = K;

K Kols=01003) @l =Ts® (300 =Ts®& s or {1 @}
= K

K@ Ky @Tg =1 @T3) @0 =Ts® (M30T) =g @5 or Ky @ Ty
= K

K@ Ky, =Ts@Tsor K31 = K;

*K1®*K3®F5:(F5@F6)®F5zfl@Fg@F5@F3@F4@F6 OI'K3@F5
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=K &K,d K;

Ko K3, =T5@Tgor K31 = K;

Ko K35 =T50T6) 05 =T1 T @5 PT3B T, BT or Kz
=K, & Ky ® K;

*Kl ®* K2 ®* Kg (Fl@rj)®K3 KS@KS

Sapphire
At zone centre I'— point we have real modes, not TRS affected.. At k # 0 we have
phonon A (Ay53) , T (T123) and P (P123) single valued representation, TRS influenced.

Two Phonons. Overtones and combinations.
Without taking into consideration TRS we obtain the following overtones and com-

binations which are chiefly available from CDML-tables [23]:

The combination modes are as follows:

T'@T =Ts (Ey) - @y
T@T =T11(A1y) @ Tar & T5
T'@T;=T5.(E;) &5

Ty ® T3 =T14(Ayy) © Ty
PPP,=A or P
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P1’2®P3:A301'P3

A @Ay = Ay
A ®A3 = A3
Ao ® A3 = A3

Three Phonon Processes.

Overtones for three phonons are obtained by SC [] 3 of irrps.

[Ails)

[TI](3) = 3T, & 3T;

(125, = 311 & 3T

T3]3y = 373

[Pl] - Al S P1

[P2](3 =h® P

[Pg] =N ADAsor PPHP,d 2P

For a discussion and correct assignment of modes in dispersion curves TRS must be
taken into account. TRS degeneracy provides the correct dimensionality of modes. The
inclusion of the TRS effect on phonons from BZ (excluding I'-point) yields the following

results:
Two Phonon Overtones.

P3€Bp§<](2) :F1+@F3+@F1_@... or Pl@PQ@Pg@
Ai @A?](Q) = F1+ EBFI, or AI(Z = 1,2)
A3 @A;]@) = F1+ @F3+ @Pl_ b ..or A1 @Ag @Ag, P ...

The combination modes are as follows:

(MeT)e T aT) =T
(MeT) e (GeT;)=T

34 (Ey) ©@T1- @ oo
14(A1g) @ Ty @ T3
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(el (TzoTy) =T (F,) oI
(LaTy) @ (T30 T3) =14 (Ayy) ©Tay

(PoP)®PoP)="3(E)®l_ ol
(PLoP)®@(Po@Py)=T1. (A1) ®Ty, &5
(PLoP)® (P3@ Py)=T3.(E,) ®T5_....
(P®P3) @ (P @ Py) =11 (Arg) & Toy
AMBA)RMNBA)=MBAT D
(MBA)® N BAy) =N DA D
(AMBA)RNsBA) =N DAL P
(A A) RN DAY =N DAL D

Three Phonon Processes.

Overtones for three phonons are obtained by SC [] 3 of irrps.

A Ay = (i =1,2)

As @ N3] =M BN @ A3 B .

E@P*(3)_Aea or P ...(i=1,2)
PS@P*] =N PN DA D ...or PLD2P, D ...

Wurtzite ZnO

Many modes are TRS infuenced at k # 0 in ZnO. Those may interact to give modes
at [-point. These modes may contain RAM. These will be of the type:

Overtones of TRS influenced modes:

A @A, =T4a ..
H,®oH,=Tyel'y®..i=1,2
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L L], =T, 6Te@®..i=12

[U@U*] =A1dAsor Uy dUy i=1,2
Us@ Uil,=A1 & ...

Sie S, =Ts@l¢d ...
TieTH,=T1els@el's@lgor Aor Xor T

In the appendix we provide comprehensive tables for overtones and combination
modes for sapphire and ZnO, not TRS influenced. For experimental data on sapphire

and ZnO the multiphonon processes of not TRS influenced phonons are given in [29] 34]
35, 36).
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Chapter 4

Electronic Band Structure

The classification of electronic states in the electronic band structure is according to the
same irrps used for phonons states. The electronic band structure of sapphire consists
of two well separated valence bands and a conduction band. Evaristov et al. considered
the band structure theoretical using the self-consistent method with symmetry adapted
functions of the sapphire group. They however did not use Time Reversal Symmetry.
Nevertheless, they concluded that the bottom of the conduction band has ['-symmetry.
Their simulation yielded a flat band and a larger band gap. The valence band is flat
along the A—direction, no experimental data were obtained and therefore no conclusive
evidence for an indirect band gap was established [37]. They were however able to classify
the states of the band structure. In order to gain a complete knowledge of the band
structure the matrix representations must be available in order to ascertain whether or
not complex conjugation create new representations. From I" point to point 7' (Z) along
the direction A a splitting is observed. The high symmetry points I' and 7" (Z) have the
same number of symmetry elements. The splitting is not due to the lowering of symmetry
alone. It is also due to the presence of Time Reversal. Evaristov et al. show that at
point T (Z) that T} (Z;) and Ty (Z,) are degenerate. However, they were not aware of
TRS. When TRS is taken into account then the correct assignment follows as 77 @& 17
at high symmetry line and A; & A}, Ay & A} and A3 @ Aj along the A—line. A similar
feature is observed in ZnO along the I' — A — A line[39]. Here the representations flow
into each other when complex conjugated, while is Al,O3 complex conjugation introduce

new representations. In addition the phonon dispersion curve of sapphire measured by
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Inelastic Neutron Scattering along the A—line evidences the Time Reversal and at the

high symmetry point T, the state are TRS degenerate.
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Chapter 5

Experimental Results

In this section we discuss the experimental available data using our derived results of

LMR and multiphonon processes as well as compatibility tables.

5.1 Raman and Infrared Modes

Interpretation of Raman spectra of ZnO, sapphire (Al;O3), Al,O3 on the ZnO and vice
versa requires the knowledge of the overtones and combinations modes, those originating
from £k = 0 and k # 0. The multiphonon processes in these compounds have been
already observed by several authors[20, 31} B32], 34, 35, 38, 39]. Here we focus on the
second and third order phonon transitions. The samples were grown by plasma-assisted
molecular beam epitaxy on a (0001) sapphire sample using Art514nm laser line for
excitation and a Jobin Yron single-pass monochromator filled with an edge filter and
Hammatsu C7027 thermo-electrically cooled CCD array for detection. The resolution for
these spectra was about 0.5nm at room temperature [29]. Several spectra were recorded
at room temperature. For sapphire, the frequencies of the Raman modes 24;, and 5E,
are tabulated by various authors[29, [34]. These constitute the first order Raman modes,
1RAMs.

The multiphonon processes (second and third order phonons) arise from the interac-
tion of first order phonons via the deformation potential together with Frolich interaction.
The deformation potential is assumed to be independent of the phonon k wave vector.

However in polar materials the LO mode is accompanied by an electric field which con-
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tributes to a long range (k-dependent) Frolich Hamiltonian[30].
In the Table we give multiphonons which originate from the entire BZ with the
selection rules for overtones and combinations modes of two and three phonon processes

with frequencies explicitly given in Table.

5.2 Dispersion Curves

In this section we discuss the assignment of phonon modes with respect to the experi-
mental available sapphire data obtained by means of neutron diffraction scattering. We
evidence the presence of TRS along high symmetry lines and points (A-, P- and T-
phonons) in the assignment of vibration modes throughout the BZ. Going from high
symmetry point I' to T (Z) along the A—line, a splitting takes place. When an irrps
is complex, the time reversal must be considered. Using the Frobenius-Schur theorem,
we have investigated all irrps of sapphire and found A; 23, 7123 and P23 to be com-
plex and TRS influenced. These states are classified according to A; & A}, T; & T} and
P, ® P;. Therefore the degeneracy of these states doubles. The assignment of vibration
modes in the sapphire sample obtained by Raman spectroscopy takes into consideration
the effect of TRS on phonons [20]. The effect of TRS on the phonon dispersion curves
is discussed in detail throughout the entire BZ. Compatibility tables for sapphire and

wurtzite structure are also provided for reference.
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Chapter 6

Conclusion

In this work the Lattice Mode Representation for sapphire was derived. This repre-
sentation provides the number and symmetries (degeneracy) of possible first order non-
interacting modes. An assignment of vibrational modes throughout the entire BZ was
undertaken. To the best of our knowledge is the first time such an attempt has been
made. The multiphonon processes selection rules for wurtzite and sapphire structures
were also studied.

The effect of Time Reversal Symmetry on phonons was investigated. We have found
many phonons to be TRS influenced. Experimental results of dispersion curves support
this findings[3], [12]. For the first time the effect of TRS on scattering phonons processes
has been taken into consideration. The physical consequences of the TRS phonon scat-
tering processes on optical transitions are also considered. The effect must be taken into
account during the interpretation of experimental data obtained by neutron, X-ray and
Raman scattering.

A need of modification of existing optical selection rules (Kronecker Products) in
the presence of TRS is indicated. Our results are valid for the following compounds:
wurtzite: ZnO, ZnS, ZnSe, ZnTe, GaN, AIN, InN, BP, BeO, CdS, CdSe, CdTe, Cul, 2H-
SiC, 4H-SiC, 6H-SiC, etc.; Trigonal: Al,O3, CryO3, FesO3, V503, TisO3, AIBO3, FeBOg,
NaNOj;, CaCO3, ZnCO3, MgCO3, MgTe, MnCO3, CdCO3, FeCOs3, etc.[19)]

In summary a comprehensive group theoretical study on vibrational modes in sap-
phire in terms of the derivation of the Lattice Mode Representation and selection rules on

multiphonon processes with the inclusion of Time Reversal Symmetry was undertaken.
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Appendix A

Calculations and Tables

A.1 Multiplication Table for Hexagonal and Trigo-
nal Points Groups

Symmetry elements denomination in Cracknell Davis Miller Love Tables and Kovalev
setting.
Cracknell Davies Miller Love (CDML). Translated from Kovalev Multiplication Table.

Correspondence between Kovalev and CDML.

CDML 1 2 3 4 5 6 7 8 91011 12 13 14 15 16 17 18 19 20 21 22 23 24
Kovalev 1 2 3 4 5 6 9101112 7 813 14 15 16 17 18 21 22 23 24 19 20
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A.2 Vector Representation for Hexagonal and Trig-
onal Point /Space Groups
Table A.2: Vector representation of trigonal and hexagonal groups
100 -1 0 0
E(1) T 010 0,0,1 I(13) —x,—y,—=z 0-1 0
001 0 0 -1
1 —1 0] —1 1 0]
Ci(2) r—vy,x,2 I 00 0,0,1 S;(14) —x+y,—z,—2z |—10 0
0 01 00 —1
[0 —1 0] [ 01 0]
Cy3) -y,x—y,z 1 -10 0,0,1 Sg(15) y,—z+y,—=z -11 0
0 01 00 —1
-1 00 10 0
02(4) —T. =Y,z 0-10 07071 gh(16) T,Y,—= 01 0
0 01 00 -1
[—1 1 0] [1 -1 0]
C;(5) —x+4vy,—z,z -100 0,0,1 Sg(17) z—vy,z,—= 1 0 0
001 0 0 -1
[ 01 0] [0 —1 0]
06(6) Y, —r +y,z —-110 ana 1 Sgr(18) Y, r—Y,—= 1 -1 0
001 0 0 -1
1 -1 0 -110
Céll(’?) r—=y,-Y, =z 0 —1 0 17070 le(lg) —T+Y,Y,2 010
0 0 -1 001
[1 0 0] [—1 0 0]
Cho(8) ma—yz |1 -10| 9,60 0p(20) —2,—z+y,—2 |-11 0
0 01 00 —1
(01 0] [0 —1 0]
Cia(9) Y, T, —2 10 0 5,70 0,(21)  —y,—x,z -1 00
00 -1 0 01
~11 0 1 -10
0;1(10) —r+Y, Y, =z 01 0 0,1,0 0d1<22) r—Y,~Y=z 0-10
00 —1 0 01
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Table A.2 — Continued

—10 0 1 00

Cop(11) =z, —z +y,—2z |—1 1 0| —67,00u((23) =z2-y2 1-10
00 -1 0 01

0—-1 0 010

Cys(12)  —y,—x,—2 =1 0 0] —»,6,0 043(24) Y, T, 2 100
0 0 -1 001
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A.3 Table of Spinor Representations SU(2)

Spinor representations for Hexagonal and Trigonal Point and Space Groups.

Table A.3: SU(2) Matrices Representation for Hexagonal and Trigonal Point Groups

g gl D Do
BO) 109 oY) 01
Cie)  siaa) A ki
Ci() (1) { a8 %N§+%] {_o“’ _?u*}
G o) X o
C;5) s VAR 50
o sty TR0 =
L ) ) 25
AUNE S I [V A i ]
Call0)  ou(22) ) i
L) o) e oo KRl
Ch(12)  ou(24) [%i \/g+% %i‘/g_%} [_?d g}
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A.4 Character Tables for Hexagonal Cév and ng

Space groups.

A.4.1 Irreducible Representation and Factor Groups

Sapphire

The factor group of corundum structure, DS,/T', (T pure translation lattice group), at
k =0, (point I, centre of the BZ) has the following twelve symmetry operators divided

into six classes:

DS, (R3c) : {E|000}, {C5 004}, {Cy 00}, {C51]003}, {C 004}, {Chal00%)
{11000}, {55 |00}, {000}, {2,1100%}, {,2]00%}. {65]00%)

where T = (OO%) is a non-primitive translation along the principal axis. The generators
(k = 0) for this space group are: {C50}, {Cy, |7} and {o,1|7}. The sappphire irrps and
their characters are listed in the Appendix. For other high symmetry points and lines

(k # 0) we have the following G* /T groups and their irrps:

G*1 /T = {E|000}, {C5|005}, {C5 1005}, {C51]003}, {C231005 }, {C 003},
{11000}, { S5 000}, { S |000}, {11005}, {:2]005 }, {043]005 }

irrps: T123(2) (SV); Tus6(2) (DV)

G /T ={E|000}, {CF1000} , {C5|000} , {01]003}, {005]001}, {52]005}

Irrps:  Ap2(1),A3(2) (SV); Ass(1),As(2) (DV)

G*r /T ={E|000}, {C{ 000}, {C51000}, {01001}, {043]005}, {o02|001}

irrps:  Pio(1), P3(2) (SV); Pus(2)Ps(2) (DV)

G* )T ={E|000} , {C5,005}, {1]000}, {71003}

Irrps:  Ly(2) (SV); Ly(2) (DV)

G*=/T ={E|000}, {C5|000} , {C5[001}, {o,1]001}

Irrps:  X12(1) (SV); 234(1) (DV)
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G*ra )T = {E[000} , {C;005}, {11000}, {05003}
irrps:  Fiazoatr(1) (SV); Fiaraas(1) (DV)
G* /T = {E]000} , {Cy 001}
irrps: Y12(1) (SV); Ys4(1) (DV)
G*= /T = {E|000} , {C,]003}

irl"pS: 2172(1) (S\/v)7 2374(1) (DV)
The SV and DV stand for single valued and double valued representations (spinor rep)

respectively.

Zinc Oxide

Cou/T(P63me) = {E|0}{CF |7} {Cq |7}, {Ca[0}, {C5 [0}, {C5 [0},

{001[0}, {0aa|7}, {003|0}, {0 |7}, {022]0}, {ous| T}

where T is a non-primitive translation vector T = (OO%). The generators of this space
group are: {C5|0}, {Cy|r}, {04|7}. In the Appendix [A2] we tabulate the ZnO irrps

and their character.

Similarly for ZnO the G*/T groups and their irrps, for k # 0 are:

G*2 /T ={E|0}; {C{ |7} {CS 10}, {Cal7}, {C5 }, {Cq |7}, {0 |0},
{0a| 7}, {00s[0}, {om |7}, {002]0}, {oas|T}
irrps: Ap_4(1),Ay5(2) (SV); Azg9(2) (DV)
G*4 T ={E|0}, {C{ T}, {CF10}, {CelT}, {C5 [0}, {C5 |73,
{00110}, {ow| 7}, {ous|0}, {07}, {002|0}, {oas|T}
Irrps:  A;¢(SV); Arzs9(DV)
G*t /T ={E|0},{CF |0}, {C5 |7}, {owl ) {oalr} {ou|T}
irrps:  Hio(1), H3(2) (SV); Has(1)Hs(2) (DV)
G T ={E|0}, {C5 |0} {C5 |7} {oalr}, {oalr}, {ous|}
irrps:  Ki2(1)K3(2) (SV); Kyu5(1)Ke(2) (DV)
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Gk )T =

irrps:

Gk T =

irrps:

GFv T =

irrps:

G*v T =

irrps:

Gk T =

irrps:

Gk /T =

irrps:

G*s T =

irrps:
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{E10},{C510} {Cy |} {oalr} {on| T} {ow| T}
Pio(1), P3(2) (SV); Pus(1)Fs(2) (DV)
{E0}{Co|7}, {oa|T}, {00}

L1,2,3,4 (SV); Ls (DV)

{E0}.{Cal7}, {oa|T}, {00}

Mi_4(1) (SV); M5(2) (DV)

{E]0}{Co|7}, {oa|T}, {020}

Ui—4(1) (SV); Us(2) (DV)

{£10}, {oas|T} G™ /T ={E|0}, {0.2]0}
A12(1) (SV); As4(1) (DV) irrps:  X12(1) (SV); 234(1) (DV)
{£10}, {oas|7} G*r T ={E|0}, {o3]0}
Q12(1) (SV); Q34(1) (DV) irrps: Rip(1) (SV); Raa(1) (DV)
{£]0} {oa|r} G*" T ={E|0}, {o4|7}
S12(1) (SV); S34(1) (DV) irrps:  Ti2(1) (SV); T34(1) (DV)

A.5 Generators for Trigonal DS, and Wurtzite Cg,

Space groups.

The necessary and relevant standard matrices for generation of the matrix representations

for Space Groups are given below. The standard matrices together with the multiplication

table generate the matrix representation of the space group.

(10 [0 1 [0 —i

01 10 i 0
1 0 (w0 w0
0 —1 0 w* 0 —w
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Sapphire

I'—Point A1205
{9/7} dim 3 7 19.1

r, | E E E

Ir,, 1 EF —-FE —F

ey 2 5 2 2

r. 1 FEF E -F

.. 1 E —-FE FE

Ty, 2 5 2 -2

'y, 1 —F iF iE

I's, 1 —F —iF —iF

I 2 8 —i3 —i3

r,. 1 —F iF —iF

I's. 1 —F —iFE iE

e 2 8 —i3 i3
A line Al,O5 Y line Al,O4

{g/7} dim 3 19.1 {g/7} dim 57.1(y,z,1/2+ z)

A 1 E GE 1 E

A, 1 E —iE o 1 —-F

As 2 5 T2 Yy 1 iE

Ay, 1 —ET, —iE Yy 1 —iF

As 1 —FE T,iE

A¢ 2 8 T,—i3
F 4o Point A-setting Al,O3 Fp B-setting Al,O3
{g/7} dim 57.1 69.1 {g/7} dim 11.1 23.1
Fuo, 1 E E Fg, 1 FE FE
Fa,, 1 —-FE —F Fa,, 1 —FE —-FE
Fy, 1 E -F Fg, 1 FE -FE
Fyn, 1 —-E FE Fgp, 1 —-FE FE
Fa,, 1 E iE Fp,, 1 iE E
Fa,, 1 —iE —iF Fp,, 1 —iE —iF
Fa, 1 iE —iE Fp, 1 iF —iFE
Fa,. 1 —iE iE Fp, 1 —iE iF
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L-line A]gOg
{g/7} dim 7.1 19.1

Ly 2 4 —i3
Lo 2 4 2
P point Al;O3
{g/7} dim 3 19.1
P 1 E TFE
P, 1 E T, -F
Py 2 5 3T
Py 1 —F—FET
Ps 1 —FEIET
P 2 8§ —ioT

C-point Al;O3
{g/7} dim 19.1

¢, 1 T,E
C, 1 T,—E
C, 1 T,—iE
C, 1 T,iE

Zinc Oxide

I'—Point ZnO
{g/7} dim 3 4.1 22.1
I 1 E FE E
I 1 Y Bl
I's 1 S S
Iy les [/ SO I
Ts(+) 2 5 E 2
Te(H) W2 6 —E 2
I'7(—) 2 8 (+9)4(—%)3
Is(—=) 2 8 (—i)4(—i)3
To(—) 2 —E (+i)4 (—i)3
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T Point A1203

{g/7} dim 3 7.1 19.1
T 2 5 13
15 2 5 —13
15 2 K i3
Ty 2 8 —i3 2
Ts 2 8 —i3 -2
T 2 —FE 14 2
Y-point Al,O3
{g/7} dim 7.1
Yi 1 FE
Y5 1 —F
Ys 1 iE
Y,y 1 —iF
E-point Al;O3
{g/7} dim 21.1
E 1 TFE
FEs 1 T,—-F
Es 1 T, —iFE
E, 1 TiE
A—Line ZnO
{g/7} dim 3 4.1 22.1
Ay 1 F T F T E
A 1 EF 1TF T —F
Az 1 F T,—-F T K
Ay 1 F T—-FE T —-F
As(+) 2 5 T FE T,2
Ag(+) 2 5 T,-F T, 2
A (=) 2 5 T,—-F T 2
Ag(—=) 2 8 T,(+1)4 T(—4)3
Ag(—=) 2 —ET,(—)4T,(—1)3
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A—Line ZnO
{g/7} 124.1
Ay 1E

Ay 1-F
As(=) 1 (=) E
A(=) 1 (+) E
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A-Point ZnO
{g/r} dim 3 41 221
Ay 1 E iE iFE
Ay E —iFE —iF
Az 1 EF —iF —iF
Ay 1 F —iF —iFE
As(+) 2 5 (+)E 2
Ag(+) 2 5 (=)E 2
A (=) 2 8 4 2
As(=) 2 8 -4 2
Ag(—) 2 —E +4 2
K-Point
{g/7} dim 3 22.1
K, 1 E FE
Ky 1 FE -—-FE
Ks3(+) 2 5 2
Ky 1 —FE iF
Ky 1 —-FE —-FE
Ko(-) 2 8 (=3
M-Point ZnO
{g/7} dim 4.1  20.1
M, 1 E E
M, 1 E -F
M; 1 —-E FE
M, 1 —-E -FE
My 2 (+i)4(—i)3

49

Y>—Line ZnO

{g/7} dim 23

Y 1 FE

PN 1 —-F

S(-) 1 (<) E

Yu—) 1 (+)FE
H-Point ZnO

{g/7} dim 3 22.1

H, 1 E iE
Hy 1 E —iF

Hiy(+) 2 5 (—i)3

Hy 1 -F FE

Hs 1 —-F —-F

He(—) 2 8 2
L-Point ZnO

{g/7} dim 4.1 20.1
L, 1 iE iE

Ly 1 iF —iF

Ls 1 —F iF

Ly 1 —FE —iF

Ls 2 4 2
U-Point ZnO

{g/7} dim 4.1 20.1

U 1 T,E TE

U, 1 T,E T,—-F
Uy, 1| T,-E T,E
U, 1 T,-E T,-FE
Us 2 T,(—i)4 (—i)3



R-line ZnO
{g/7} dim 23

R, 1 FE
Ry, 1 —-F
Ry 1 —iE
Ry 1 iF

P-point ZnO
{g/7}1 3 22.1

1 E TE
1 E T,—-E
2 5 T2
1 -E T,iE
Ps(=)1 —ET,(+i)E
Ps(=)2 8 T,(—i)3

Ot

OF PRETORIA

YA PRETORIA
S-line ZnO
{g/7} dim 20.1
S1 1 «F
So 1 —iF
Sy 1 F
Sy 1 —-F
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A.6 Matrix Representations for DS, and Cj, Space
Groups

Character Tables and Matrix elements for SV and DV irreducible
representations DS, (Space Group No. 167)

Table A.4: Character of the Lattice Mode Representation and character of the Single
Valued Representation for Sapphire at I" point

{g/T} E C’; Cy Cgl/r Célg/T CgQ/T I Se Sg' Ol /T Ou3/T Ow2/T

{9/} 1 3 5 71 91 11.1 13 15 17 191 211 23.1
' (Ay) 1 1 1 1 1 1 1 1 1 1 1 1
[oi (Agy) 1 1 1 -1 -1 -1 1 1 1 -1 -1 -1
I3 (Ey) 2 -1 -1 0 0 0 2 -1 -1 0 0 0
I (A) 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1
[y (Ag) 1 1 1 -1 -1 -1 -1 -1 -1

s (E,) 2 -1 -1 0 0 0 -2 0 0 0

Mg/} 27 0 0 -1 -1 -1 3 0 0 -1 -1 -1
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Y E C; Cs Cél1/7' Cg3/7' Coo/T I Ss Sér ol /T ou3/T ov2/T
1 3 5 7.1 9.1 11.1 13 15 17 19.1 21.1 23.1
| 1 1 1 1 1 1 1 1 1 1 1 1
Foy 1 1 1 -1 -1 -1 1 1 1 -1 -1 -1
r 10 w 0 w* 0 01 0 w 0 w* 10 w* 0 w* 0 01 0 w 0 w*
3+ 01 0 w* 0 w 10 w* 0 w 0 01 0 w 0 w 10 w* 0 w 0
| 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1
I's_ 1 1 1 -1 -1 -1 -1 -1 -1 1 1 1
r 10 w 0 w* 0 01 0 w 0 w* -1 0 —w 0 —w* 0 0 —1 0 —w 0 —w*
3= 01 0 w* 0 w 10 w* 0 w 0 0 -1 0 —w* 0 w -1 0 —w* 0 —w 0
| Y 1 -1 1 1 —1 i 1 -1 1 i —1 i
| 1 -1 1 —1 1 —1 1 -1 1 —1 i —1
r 10 —w* 0 w 0 0 -1 0 w* 0 w 10 —w* 0 w 0 0 -1 0 w* 0 —w
6+ 01 0 —w 0 w* 1 0 —w 0 —w* 0 01 0 —w 0 w* 1 0 —w 0 w* 0
| 1 -1 1 7 —1 7 -1 1 -1 —1 7 —1
| 1 -1 1 —1 1 —1 -1 1 -1 1 —1 1
r 10 —w* 0 w 0 0 -1 0 —w 0 w -1 0 w* 0 —w 0 01 0 —w* 0 w
6— 01 0 —w 0 w* 1 0 w* 0 —w* 0 0 -1 0 w 0 —w* -10 w 0 —w* 0
yIMR 97 0 0 -1 -1 -1 3 0 0 -1 -1 -1

Table A.5: Matrix Representations for Sapphire at K = 0 I' Point
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o2/ T
23.1

ou3/T
21.1

o1 /T
19.1

1
13

22/7'
11.1

1

C.

/T

23
9.1

11

C.

1
21/7'

C.

E

{g/7}

17

15

7.1

{g/7}
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3O 3O 3O 3O 3O — o
* * * * * _
o 3 o 3 o 3 o 3 o 3 o —
T _ _ | Al
1 | —| | — | —
3O _wo o 3O 3O - o
o 3 o % o — o 3 o 3 ==
| 3 —_ | f .
| IS —_ —_ 1 | I
| —
— — — O
- O - O — 1 _ ———
| O — O — O
o -
— O O — o —~ S~
| o~ =, =7
—_ | S|
| IS
T 1 r 1 r 1 r 1 r 1 r 1
3O 3O 3O 3O 3O 3O
* * * * * *
O_w O_w O_w O_w Ow O_w
T 1 r 1 r 1 r 1 1 1
3O 3O 3O 3O 3O 3O
* * * * * *
O_w O_w O_w O_w O,w O_w
== 3O 3O 3O 3O 3
‘e~ * * * * *
' o3 o3 o3 o3 o3
I | | | f |
L 1 L 1 L 1 L 1 L 1
*
3 ‘o — ‘o~ ‘o — ' — ‘o —
o3 e, de, 0/, Je, —/2,
—_
* * —
T 1 r 1 T 1
30 30 01_ 3 3° <5
* *
o o 3 3 .
— 3, -3, "o, 72 <] e,
—_ 1 | I
r | T ]
— O — O 0_I_. ‘I_AO O*W o -
_0|1_ _0|_|._ _10_ _01_ wo_ _H_
| — | | —| | — | —
* *
= 39 —~2, 30 30 T2,
—_ —_ | I | I
| — | —
3 3
1 o o (=
o* o* o — _ f _
3 3
* *
i — | |
| S
—_ —_
T 1 r 1 r 1 r 1 r 1 r 1
O~ S - S - S O~ O
_10_ _10_ _10_ _10_ _10_ _10_
— [a\] o™ <t 0 Ne
= = = = = =
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Table A.7: Table of Characters of Irreducible Representation at Point T

g 1 3 5 71 91 111 13 15 17 191 211 231
n 2 -1 -1 0 0 0O 0 -BT BT 0 0 0
n 2 -1 -1 0 0 O 0 BT -BT 0 0 0
5 2 2 2 0 0 0 0 0 0 0 0 0
., 2 1 -1 0 0 O 0 BT BT 0 0 0
s 2 1 -1 0 0 0O 0 -BT -BT 0 0 0
s 2 2 2 0 0 0 0 0 0 0 0 0
¢? 1 5 3 1 1 11 5 30 1ty 1ty 1t
T, 2 -1 -1 2 2 2 2 ~1 1 2w 2w 2w
Ty 2 2 2 2 2 2 2 2 2 2w 2w 2w
Ts 2 -1 1 2 2 2 2 —1 1 2w 2w 2w

B = V3w = exp(2mikr - to)

T = exp(2mi(1/6,1/6,1/6) - (1/2,1/2, —1/2) = exp(in /6)

T, _g irrps belong to case (c).

W' = exp(ira(1/3,1/3,1/3) - (1,1,1)) = exp(iam)

T = exp(2mi(a, a,a) - (1/6,1/6,1/6)) = exp(ima)

All irrps are complex Aj_g . There is no symmetry element in G** that takes +ky

to —ka. This is the degeneracy type (d)
L Point Al,O3

{9|7} E 0;1/7 I Op1 /T
{g|7} 1 7.1 13 19.1

[10] 1 o 0 —1] [o =1
L,
1

10] [i o] [o —i 01
Ly . .
01|10 =i| |i 0 10
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Table A.8: Table of Matrix Irreducible Representation at Point P

E C;' Cy ou1 /T ou3/T ow2/T
{g9/7} 1 3 5 19.1 21.1 23.1
P 1 1 1 1 1 1
P, 1 1 1 -1 -1 -1
P 1 0] {w 0] [w* 0] [0 1] [0 w] {0 w*}
3 01 0 w* 0 w 10 w* 0 w 0
P, 1 -1 1 i . i
P 1 -1 1 —i i —i
P 1 0] [—w* 0] (w 0] [0 —1] [0 w*] [0 —w]
6 01 0 —w 0 w* 1 0 w 0 w* 0

Table A.9: Table of Matrix Irreducible Representation at Point A

{9/} E Cy Cy o1 /T ou3/T w2/ T
{g/7} 1 3 5 19.1 21.1 23.1
Ay 1 1 1 1, T 1,T 1, T
As 1 1 1 -1,T ~1,T -1,T
Ay [1 o} [w 0] [w* 0} [0 1] [0 w} [0 w*]
01 0 w* 0 w 10 w* 0 w 0
Ay 1 —1 1 —1,iT 1,iT —1,iT
As 1 -1 1 1,iT —1,iT 1,iT
Ag [1 o} {—w* 0] [w 0} [o —1} {0 w*] [ 0 w}
01 0 —w 0 w* 1 0 —w 0 —w* 0
F Point Al,O3 ( A setting ) F Point Al,O3 ( B-setting )
{97} ECy/m I w7 {glTy ECy/T I o/t
{g/7} 1 9.1 13 21.1 {g/7} 1 11.1 13 23.1
Fy,, 1 11 1 Fg, 1 11 1
Fy,, 1 -1 1 -1 Fg,, 1 -1 1 —1
Fu o 1 1-1 -1 Fp,_ 1 1-1 —1
Fpp 1 —1-1 1 Fg, 1 —1-1 1
Fap, 1 =i 1 —i Fg,, 1 —i 1 —i
Fy,, 1 i1 i Fg, 1 i1 i
Fa,, 1 —i 1 i Fg, 1 —i 1 i
Fa, 1 i—1 —i Fg, 1 i—1 —i
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Table A.10: Table for Reality Test of A Line

g 1 3 ) 19.1 21.1 23.1

Ay 1 1 1 1,7 1,T 1,T

Ay 1 1 1 1,7 1, T 1,7

As P 1 1 0 0 0

Ay 1 —1 1 i, T i, T i, T

As 1 -1 1 T =i, T i,T

Ag P 1 1 0 0 0

g° 1 5 3 1to 1to 1t

ALQ 1 1 1 1w’ 1w’ 1w/

As 2 -1 -1 1w’ 1w’ 1w/

Ays 1 -1 1 1w’ 1w’ 1w/

Ag 2 -1 1 1w’ 1w’ 1w/
Y-line AlQOg Y Point AlgOg B Point AlgOg
{ol} ECy/7 lgI} B Gy /7 {9I7} E Coy/7
{g/7} 1 9.1 {g/7}1 7.1 {g|]7} 1 9.1
2 1 1 Y) 1 1 By 1 1
2o 1 -1 Y, 1 -1 By, 1 -1
Yy 1 —i Ve 1 i By 1 i
2y 1 l Y, 1 —i By 1 —i
Q Point A1205 C line A1203 D Line A1203
{9t} E Cyy/7 I} B on/T {9I7} B 0wa/7
{g|7} 1 11.1 {g/7} 1 19.1 {g/7} 1 23.1
Q 1 1 c, 1 LT D, 1 LT
Q 1 -1 Cy, 1-1,T Dy 1-1,T
Qs 1 i Cy 1 —1,iT Dy 1 —1,iT
Qs 1 —i c, 1 14T D, 1 14T

E line A1203
9|7} E 0us/T

{g|7} 1 21.1

E 1 1, T
E, 1-1,T
By 1—1,4T
E, 1 14T
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Character Tables and Matrix elements for SV and DV irreducible
representations Cg,

/nO0 E CGJF/T Cy Oyt C;r Cy /T o0v1 Oag2/T oOuws oq1/T Ov2  043/T

{g/T} 1 2.1 4.1 5 6.1 19 20.1 21 22.1 23 24.1
I 1 1 1 1 1 1 1 1 1 1 1 1
Ty 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1
I's 1 -1 1 -1 1 -1 -1 1 -1 1 -1 1
Ty 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1
I's 2 1 -1 2 -1 -1 0 0 0 0 0 0
Ts 2 -1 -1 -2 -1 1 0 0 0 0 0 0
Iy 2 1 1 0 -1 0 0 0 0 0 0 0
T's 2 —1 1 0 -1 0 0 0 0 0 0 0
Ty 2 0 -2 0 2 0 0 0 0 0 0 0

Table A.11: Character Table of ZnO at I" point

o7
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/n0 FE Cgr/T Cy Cy/T C’; Cq /T Oul a2/ T 0u3 oa1/T Ov2 oa3/T
{g/m} 1 2.1 3 4.1 5 6.1 19 20.1 21 22.1 23 24.1
I 1 1 1 1 T 1 1 T 1 il 1 1
Iy 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1
Iy 1 -1 1 -1 1 -1 il 1 -1 1 -1 1
Iy 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1
r —w* 0 w 0 10 [w* 0] w 0 01 0 w 0 w 01 0 —w* 0 w
5 0 0 —w 0 w* 01 0 w 0 w* 10 w* 0 w* 0 10 —w 0 w* 0
r w* 0 w 0 -1 0] [w* 0] [-w 0 ] 0 —1 0 w* 0 —w 01 0 w* 0 w
6 0 0 w 0 w* 0 —1 0 w 0 —w*| |—-1 0 w 0 —w* 0 10 w 0 w* 0
r —iw 0 —w* 0 (i 0] [w 0] [—iw* 0 0 i 0 w 0 —iw*| [0 —1] 0 iw 0 iw
7 0 0 —iw* 0 —w 0 —1 0 w* 0 w 7 0 —w* 0| |—iw 0 1 0] |—iw* 0 —w* 0
r iw 0 —w* 0 (=3 0] [w O] [iw* O 0 —i 0 w 0 iw* 0 —11 [0 —iw 0 w*
8 0 0 w* 0 —w 0 ¢ 0 w* 0 —w — 0 —w* 0 w 0 1 0| |iww* 0 —w 0
r —i 0 -1 0 i 0] 10 —i 0 0 i 01 0 —i 0 —1] 0 i 01
9 |0 0 i 0 —1 0 —i ! 0 i i 0 -1 0 —i 0 1 0 i 0 -1 0

Table A.12: Table of Zinc Oxide Matrix Representations at k = 0 I" Point
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N/
-
",

VI¥4013d8d YA IHLIS3IEGINNA
¥YI¥0L13¥d 40 ALISY¥IAIND
VId013¥d NVA LIFLISHIAINN



6¢

{g/7} E Cg_/T Cy Co/T C’;‘ Cq /T Oul oaz/T O3 oa1/T Ov2 oa3/T
{g/7} 1 2.1 3 4.1 5 6.1 19 20.1 21 22.1 23 24.1
Ay 1 1,T 1 1,T 1 1,T 1 1,T 1 1,T 1 1,T
Ao 1 1,T 1 1,T 1 1,T -1 -1,T -1 -1,T 1 ~1,T
As 1 -1,T 1 -1,T 1 ~1,T 1 1,T -1 1,T 1 1,T
Ay 1 -1,T 1 -1,T 1 ~1,T 1 -1,T 1 -1,T 1 ~1,T

[w* 0 w 0 1 0] [wr (w 0] 0 1 0 w* 0 w 0 1 0 w* 0 w
As T T T2 T T2 T2 T

0 w 0 w 01 0 w 0 w* 10 w 0 w* 0 10 w 0 w* 0

[w* 0 w 0 1 o] [wr (W 0] 0 —1 0 w* 0 —w 01 0 —w* 0 w
Ag T T T2 T T2 T T2 T

0 w 0 w 01 0 w 0 w* — 0 w 0 —w* 0 10 w 0 w* 0

[w* 0 w 0 1 0] [wr (W 0] 0 —i 0 w 0 iw* 0 —1 0 iw 0 —w*
A, T T T2 T T2| T T2 T

0 w 0 w 01 0 w 0 w* —7 0 —w* 0 w0 1 0 w* 0 w 0

[w* 0 w 0 1 0] [wr (w 0] 0 i 0 w 0 —iw* (0 —1 0 —iw 0 —w*
Ag T T T2 T T2 T2

0 w 0 w 01 0 0 w* i 0 —w* 0 —iw 0 1 0 —iw* 0 w 0

[w* 0 w 0 1 o] [wr (W 0] 0 —i 01 0 i 0 —1 0 i 0 —1
Ao T T T2 T 72| 2| T

0 w 0 w 01 0 0 w* — 0 -1 0 1 0 1 0 7 0 1 0

Table A.13: Matrix Representation of A Point
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{g/7} E CJ/T Cy Cy/T C’; Cs /T Ol oa2/T Ov3 oa1/T Ov2 oas/T
{g/7} 1 2.1 3 4.1 5 6.1 19 20.1 21 22.1 23 24.1
Ay 1 i 1 i 1 i 1 i 1 i 1 i
As 1 i 1 i 1 i -1 — -1 —i -1 —i
As 1 i 1 — 1 i 1 i -1 i —1 i
Ay 1 — 1 i 1 i 1 — 1 —i 1 —i
) iwt 0 [i 0] 0 iw 0 0 i [0 w 0 iw 0 —1 0 dwx| [0 —w
b 0 0 w 0 w 0 7 —w 0 w* 7 0 w 0 —w* 0 1 0 —w 0 wx 0
s [w* 0] w [1 0] w* 0] (w 0] [0 —i [0 w*] 0 —w| [0 =1 0 —iwx] [0 —w
6 0 I 0 w| 0 w _0 | 0 W _0 w*_ |~ 0 W 0 | —w 0 1 0 W 0 | w 0
4 [w* 0] w [1 0] w* 0] I 1 [o —i 0 w [0 —w*] [0 1] [0 —w] [0 w]
T o 0 w 0 w 0 0 w 0 w* —i 0| |-w* 0 w 0 0 w0 w 0
4 [w* 0] w [1 0] w* 0] (W 0] 0 i 0 w (0w [0 1] [0 W] [0 w*]
8 0 I 0 W 0 w _0 | 0 w] _0 w*_ i 0 —w* 0 |—w 0 | I 0_ _—w* O_ W 0 |
4 [w* 0] w [1 0] w* 0] (W 0] 0 —i 01 0 —1 0 1] 0 —1 01
? 0 0w 0 w 0 1] 0 w] 0 w* —i 0 10 1 0 1 0] 1 0 10

Table A.14: Table of Matrix Representation of A point ZnO
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g 1 2.1 3 4.1 ) 6.1 19 201 21 221 23 24.1
Ay 1 1 1 7 1 1 1 1 1 7 1 7
Ao 1 1 1 1 1 1 —1 —1 —1 —1 -1 —1
As 1 —1 1 —1 1 —1 —1 1 —1 7 —1 i
Ay 1 —1 1 —1 —1 —1 1 —1 1 —1 1 —1
As 2 —i -1 2T -1 -1 0 0 0 0 0 0
Ag 2 i -1 2,7 -1 0 0 0 0 0 0 0
Aq 2 —-B,T 1 0o -1 B, T 0 0 0 0 0 0
As 2 BT 1 0 -1 -B,T 0 0 0 0 0 0
Ag 2 0 -2 0 2 0 0 0 0 0 0 0
g* 1 3ty 5 1t 3 5t 1 1t 1 1t 1 1t
Ajaszg 1 1(—-1) 1 1(-1) 1 1(—1) 1 1(-1) 1 1(-1) 1 1(-1)
Asg 2 2(=1) —1 2(-1) 2 —1(=1) 2 2(-1) 2 2(-1) 2 2(-1)
Arg 2 2(=1) —1 2(-1) 2 —1(=1) 2 2(-1) 2 2(-1) 2 2(=1)
Ag 2 2(=1) 2 2(-1) -2 2(-1) 2 2(-1) 2 2(=1) 2 2(-1)
Table A.15: |Reality Test A point ZnO

For A,_¢ irrps (SV) belong to
Character Table for ZnO A—line

All irreducible representations are complex Aj_g. There is no symmetry element that

takes +ka to —ka. This type of degeneracy is case (x) ,(d)

H-Point ZnO

{g/7} 1 3 5 20.1 221 24.1
H 1 1 1 i 4 i
Hy 1 1 1 —i —i —i
Hy 2 -1 -1 0 0 0
H, 1 -1 1 -1 -1
Hy 1 -1 1 —1

He 2 1 -1 0 0 0
M-Point ZnO

{g/7} 1 4.1 20.1 23

My 1 1 1 1

My 1 1 -1 -1

M; 1 —1 1 -1

My, 1 —1 -1

Ms; 2 0 0 O

61

K-Point ZnO
{g/7} 1 3 5 201 221 24.1
K, 1 1 1 1 1 1
K, 1 1 1 -1 -1 -1
Ky 2 -1-1 0 0 0
K, 1 -1 1 —i i —i
Ky 1 -1 1 & —i i
Ke 2 1 -1 0 0 0
U-point ZnO
{g/7} 1 41 201 23
v, 1 1,7 1.7 1
U, 1 1,7 -1,T -1
U, 1 -1,7 1,7 -1
u, 1 -1,T -1,T 1
U 2 0 0 0
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Table A.16: Reality test for A point in ZnO

Y-Line ZnO

{g/7} 1 23

A-Line ZnO
{g/7} 1 24.1

L-point ZnO

{g/7} 1 41 201 23

2

Ay

Ly

2y

Ay

Ly

23

As

Ls

2y

Ay

Ly

Ls

S-Line ZnO

R-Line ZnO

{g/7} 1 23

Q-Line ZnO

{g/7} 1 20.1

{g/7} 1 24.1

L T e T e B |

Si

Ry

S

Ry

S3

Rg

Sy

Ry

D-Line ZnO

{g/7} 1 23

C-Line ZnO

{g/7} 1

i

T-Line ZnO

24.1

{g/7} 1 20.1

D,

A
~1,T
—i,T

D,

Cy

Ds
Dy

2

1
1

Cs
Cy
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Table A.17: Symmetry Type of Irreducible Representation for Sapphire

High Symmetry Real and (SV) Complex Representation

points and lines Representation (SV and DV)
r [0+ 3+ (SV) Lz 5e 6+ (DV)
A Aip3(SV) Ays6(DV)
T T3 (SV) Tys6(DV)
F Fii o4 (SV) Fsy 4 (DV)
L L, (SV) L, (DV)
P Pras(SV) Pys6(DV)
by Y12(SV) Y34 (DV)
Y Yi2(SV) Y34 (DV)

A.7 Classification of Irreducible Representations. Re-

ality Test

Single Valued Representation Time Reversal subjected
Z/n0 A1,6 A176 P1,3
Al;O3: Ai_s Pis Ty 3

Single Valued Representation Time Reversal affected
ZnO P6,7,8 A7,8,9 A778,9 A3,4 P4,5,6 K4,5,6 H4,5 R3,4
Ss.4 Ls Ms Us

A1203 : F4i,5i,6i P4,5,6 A4,5,6 T4,5,6 E4,5 FA3i,4i Y3,4 L2
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Table A.18: Symmetry Type of Irreducible Representation for Zinc Oxide

Symmetry Real Representation Complex Representation
(SV and DV)

T I (SV) L7809 (DV)
A A6 (SV) Ars9(DV)
A A6 (SV) Azge (DV)
K K23 (SV) Ky56(DV)
H Hy o Hys (DV)
P P1’2,3 (SV) P475’6 (DV)
M M, 4 (V) M; (DV)
U U4 (SV) Us (DV)
L Li_4 (SV) L5 (DV)
A A1 2(SV) A; 4 (DV)
Dy Y12 (SV) Y54 (DV)
Q Q1> (SV) Qs (DV)
R Ry 5 (SV) R34 (DV)
S S12(SV) Ss.4 (DV)
T Ty5(SV) T34 (DV)
C Cia
D D,

A.8 Wave Vector Selection Rules

The interaction of particles or quasiparticles, for example phonons described by the KP.
The wave vector selection rules (WVSR) governs also the multiphonon selection rules in
a crystal. The Kronecker products of irrps obey the WVSR. For a A- phonon interaction,

for example, this means the Kronecker product A® A = A is to be interpreted as follows:

hgikA + hgjk:A = hk)A

where hg;k, and hg;k, are arms of k, in the star {*kx} and k, is the first wave vector
according to which the irrps of the G** transform. The equation represents the con-
servation of momemtum of a quasiparticle, in this case the phonon. In the following
tables we list the WVSR for interaction of particles (quasiparticles) in general and for
Symmetrized Wave Vector Selection Rules (SWVSR) which are relevant for Raman scat-
tering processes. The inclusion of TRS does not change the optical selection rules. The

inclusion of TRS only increases the number of state with the same symmetry.
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A.8.1 Symmetrized Wave Vector Selection Rules

The necessary theory for the decomposition of symmetrized kronecker products (SKP)
has been outlined by several authors and in the CDML tables. The SKP and the selections
rules are used in connection with the Raman allowed modes and multiphonon processes.
There are useful for the interpertation of the phonon dispersion curves and electronic
band structure of crystals. In here we list all the two particle (quasi-particle) interaction

without taking into account the Time Reversal Symmetry.

Symmetrized squares (SKP) and Wave Vector Selection Rules for Sapphire
Al,O4

rel'=r
Channell: (1)kr+ (1)kr = kr

I3, @03, =13 @3 = [y ®@Tsy] & {Tay}
Py @Dy =T @y =T @l =Ty =[y]o{}
3 @3 =T3- @03 = I @ sy ] @ {Tay }

My @0y =15, @05 =TTy =I5 @Ts_ =[] & {}

Loy @6y =6 @6 = [loy @ I3y] © {14}

PeP=T®P
Channell: (1)kp+(7)kp = kr

Channel2: (7)kp+(7)kp=kp
PP@PL=P,@P,=1:[1]@® {2} 2:[PAlo{}
Py@ Py = Ty @3 @11 | @ {Ty @1 O}
2: [P @ P @ {P}
P,@Py=P;®P;= [[oy] ®{l'1_} 2: Ao {}

Ps® P = oy T3y @y |@{Ty 6T @l }

Q[PQ@Pg]@{Pl}
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T'eT =T

Channell: (1l)kr+ ()kr = kr

T T =Ty Ty, =TT =T, T, =[I'y]®{}

T3, @13 =T3 @T3 = [y T3] & {Tay }

Ty Ty =Ty T =T @T5 =T5 @15 = o] ®{}

Tor @Toy = To- @ T = [Toy © T3] {11}

ARA=TaA

Channell: (1)ka+ (7)ka = kr
Channel?2: (1)ka+ (1)ky = ka

MOM=MN=1:T4]e{l2}

2: [Al D Ag] D {AQ}
AM@A =A@ A =1:[Toy]®{l-}

2: [Aa® As) @ {A}

2: [Al} ) {Al}
A3®A3: 13[FlJr@Fng@Fl,]@{FQJF@FQ,@FQ;,}

o] @ {}
Ag ® Ag = 1:[Ty @3 @D | @ {Ty T © T}

F®

F=T@F

Channell: (1)kr+ (7)kr = kr

Channel2: (3)krp+ (B)kr =kr

Fiy@F =FNQFkh =F QF_ = QF =

Fs, @F, =Fy  @Fy =F QF =F_QF_ =

Mt @ s @ {}
2: [Fiy] @ {F2}
Tor @ T3y] @ {}
2: [Fy ] @ {F14}
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Channell : ( ks + (13)ky = kr

Channel 2 : ( Dks + ( 1)kg =kyx

Channel 3 : (15)ky + (17)ky = kyx

Channel4 : ( Dks + (15)ks = kp

Y18 =%0%= 1: el ]e{l-al} 2:Z]e{}
3: 2] @ {%:} 4:[Dy] ® {D2}

Sy @ =N @8 = 1: Doy @lay] @l @Ts ) 2: [0 @ {21}
30 5@ (%) 1 D)e (D)

L®L:F@FAI

Channell: (1l)kp+ (1)kr =kr

Channel2: (l)kp+ (3)kL = kr,

Liy®Liy =Loy @ Loy =L1-® L1 =Ly @ Ly = [I'y @3] @ {}
2: [Fare] ® {Fa2s}

Ly, @ Lz, =L ©Ly =Lyy ®Lyy =Ly © Ly = [Ty ©T3] 0 {}

2: [Fagt] ® {Fai+}

YRY=TeXeXek

Channell: ( 1l)ky + (13)ky = kr

(13)
Channel2: (17)ky + (17)ky = ks
Channel3: (13)ky + (15)ky = ks
Channeld: ( Dky + (15)ky = kg
VioYi=Y20Ye=1:i @l ]e{l-als-}  2:3]o{}
31 [X4] @ {%} 4:[En] © {En}
VY=Y, @Y, =1:To @3] ®{To-®l3-}  2:[5]®{}
3: 8] @ {1} 4: (B @ {E}
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CeC=loXeCaeD

Channell : (Dkc + (7T)kc = kr

Channel 2 : (Dkc + (9)kc = ks

Channel 3 : (Dkc + (Vke = ke

Channel4 : (5)kc + (V)ke = kp

CiC=00C=1:Tyels)e{le-als_}  2:[5] @ {E:}
3:(CGile{} 4: [Di @ {D,}

C300;3=0,0C =1yl e{lh-els} 2:[5]e{%}
3:[C) @ {} 4:[Ds] & {D1}

DoD=TeXaoCaodD

Channell : ( Dkp + (11)kp = kr

Channel 2 : (17 kp + (23)ky = ks,

Channel 3 : ( Dks + ( 3)ks = ke

Channel4 : ( Dks +( ks =kp

Di®Dy=Dy®@Dy=1:[I'1y T3 | {0 &5} 2: 5] @ {X:}

3:[Ci] @ {Co} 4:[Di] & {}
Ds®@D3s=Dy®Dy=1:Tgr @3] {T1-®T3-}  2:[5] & {X}
3:[Co) @ {C1} 4:[Do] & {}
EQE-ToYaCeFk

Channell : (kg + ( 9)kg = kr

Channel 2 : (5)ke + (11)kg = kx

Channel 3 : B)kg + ( 3)kg = kc

Channel4 : (B)ke +( bk =kg

Ei®FE,=FEy@FEy,=1:'; @3] @{Te- ®dTs-}  2:[3]®{Z:}
3:[Ciled{} 4:[EBy] © {Ea}

Bs®B; =B @B =1: Doy @Ts] @ {0 @} 2:[Se] @ {51}
3:[Cy) @ {} 4: By @ {Er}
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Symmetrized Squares (SKP) and Wave Vector Selection Rules for ZnO

rel'=r
Channell: (1)kr+ (1)kr = kr

MR =Tel,=Tel=Iyel,=[T]o{}
[0 =T¢®@ls=[I'1 &5 @ {I}

@0, =Tsy@Tg=[Ty®d T ®{T}

Ly@Ty=[Ty® 3@y @ {1}

ARA=A
Channell: (1l)ka+ (1)ka =ka

A1®A1:A2®A2:A3®A3:A4®A4:[Fl]@{}
As @ A5 = Ag @ Ag = [I' ®T'5] ® {I'2}
A7®A7:A8®A8:[F2®F6}@{Fl}

Ag@Ag=[Ty@T30Ty & {1}

AQA=TOAPABX

Channell : (Dkp + (4)kpn = kr

Channel 2 : (1)kp + (1)ky = ky

Channel3d:  (6)kx + (2)ka = ka

Channeld:  (6)ks + (ky = ks

AMIAN =AQA=1:[10Ts @ {Ts® s} 2:[AM] e {}
3: [Ar] @ {Ay) 4: %] @ {2}

AN =MN=1:T30Ts]o{Th®ls 2:[A]d{}
3: (A @ {A1} 4: 5] @ {1}
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YteX=IeAp¥XaeX

Channel 1 : (ks + (4) ks = kr

Channel 2 : (Dks + (2)ks = ka

Channel 3 : (Dks + (ks = ks

Channel4 : (6)ks + (2)ky = ks

DN =500 =1:Mele{liels  2:[A]o{A)}
3: e {} 4: 3] @ {35}

ARA=T
Channel 1 : (Dka+ (ks = kr

As ® As = Ag ® Ag = [Ty @ T] @ {T'3}

Ay ®@ A = Ay ® Ag = [[3 ® T5] @ {T4}

Ag@ Ag=T1 @y @3] @ {Iy}

A1®A1iA2®A2:A3®A3:A4®A4:[F4]EB{}

HoH=T®oK

Channel 1 :

Channel 2 :

H; ® Hj

H¢ ® Hg

H, ® H = Hy® Hy = [I'y] ® {I'2}

Hy® Hy=H; ® Hy = [['y) & {I'4}

(Dkn + (2)kn = kr
(2kn + (2)ky = kxk
2: [Ks] @ {}
2: [K, @ K] @ {K1}
2: Ky {}
=alyalse{l el el

2: [Ki @ K3] @ {K>}

= [[4] ® {T2}
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KoK=ToK

UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

Channell: (1)kg + (1)kx = kr
Channel2: (2)kx + (2)kx = kg
K1®K1 :K2®K2:

K3 ® K3 =

K@Ky =K;® K5 =

K6®K6 =

MJed{lsy  2:[K]e{}
el e{lelsa T}
2: K & K3] @ {K>}
[Ms]e{lh} 20 [Ko] @ {}
T, @l @] {1 @4 DT}

2: [KQ D Kg] D {Kl}

LL=T®oM

Channell: (1)kp+ (1)kL =kr
Channel2: (2)k.+ (3)kr =kum
Li®Li=Ly®Ly = L3® L3
=Li@Ly=[Twelde{}  2:[M]o{Ms}

L5®L5 :[Fl@FQ@F3®2F5@F6]@{F4G§F6}

2:[My & My ®2Ms| & {M; & My & 2M,4}

MoM=I"eM

M, @ My = My ® Mo

Ms @ Ms

Channell : (1)kM + (1)’(3]»1 = kr

Channel 2 : (2)knr + (3)knr = ks

= M3 ® M,
=M@ My=[I'1 &T5] @ {} 2: [My] @ {Ms}
=M oel;alyolsd2l @ {I & s}

2:[2My & M3 & M, & {2M, & M3 & My}
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PeP=A®P
Channell: (1l)kp+ (2)kp =ka

Channel2: (l)kp+ (2)kp =kp

PA@P=P,®P =[A]®{As} 2:[Plo{}

Py ® Py =[A1 B AL B A5] B {Ar B A3 ® A}
2: (P& P& {P}

P,@Py=P;®P; =[Az]®{A} 2:Pe{}

Ps ® Py =[As B A3z B Ag] B {A1 B Ay B A5}

Q[PQ@Pg]@{Pl}

Q®Q:F@A@A®ZI

Channell: (l)kg+

(4)
Channel2: (l)kg+ (1)kg =k
Channel3: (6)ksx + (2)ks =k
Channeld: (6)kg+ (1)kg = ks
QOQ=0Q:29Q: =1l ®{l2 &5} 2: [As] @ {}
3 [Ao] @ {A1} 4[5 @ {2}
Q3®Q3=0Q1®Qs = @50 {1 @5} 2: [M]o{}
3:[A] @ {Ao} 4:[Xy] @ {X1}
R®R:F@A®Z@ZI
Channell: (l)kr+ (4)kr = kr
Channel?: (kg + (2)kp = ka
Channel3: (l)kr+ (1)kr =ksx
Channeld: (6)kgr+ (2)kr = ks
R®R =Ry®@Ry =yl {1 &5} 2: [Ag] ® {A1}
3: M) & {} 4:[E] & {%:}
Ry@ Ry =0Qu®Qs = @Ts]o{Tlu@le}  2:[A] & {As}
3: (Ao @ {} 4: ) & {X1}
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-
cz=

SeS=ToAdXoT

Channell: (1)kg+ (4)ks = kr

Channel2: (6)kgs+ (6)ks = ky

Channel3: (2)ks+ (3)ks = kx

Channel4d: (6)ks+ (2)ks = kr

$1®81=5®S =[1®T¢®{leTs} Ao @ {}
3:[X4] @ {¥} [T @ {13}

S3® 95 =25,©85 =[a@Ts @ {l,oTs} USRS
31 [Xo] @ {3} ] e {1}

TeT=TeoAeXeT

Channell: (L)kr + (4)kr = kr

Channel2: (6)kr + (6)kr = ky

Channel3: (2)kr + (3)kr = ks

Channeld : (6)kr+ (2)kr = kr

NeoTi=T, T, =&l {l;el DA @ {}
31 [B] @ {E:} ] e {Te}

oTz=T,T, =[[3&T¢a{l1dls} DA @ {}
31 [Xo] @ {%4} [ @ {Th}
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-
cz=

SeS=ToAdXoT

Channell : (ks + (4)ks = kr

Channel 2 : (6)ks + (6)ks = ky

Channel 3 : (2)ks + (3)ks = kx

Channel4 : (6)ks + (2)ks = kr

S$1©@851 =585 =[Mel]e{lels}  2:[A]o{)
3: [Eh] @ {2} 4: L] o {T}

S3®S3=5,®8 =Thole{l,els} 2:[M] @ {}
3: [E] @ {E1} 4: 1] e {1}

T'eT=TeoAoXoeT

Channell : (Dkr + (4)kr = kr

Channel 2 : (6)kr + (6)kr = ky

Channel 3 : (2)kr + 3)kr = ks

Channel4 : (6)kr + (2)kr = kr

heh=THhel, =Mele{lsels 2:[A]e{}
3: [Eh] @ {2} 4:[N] o {Ta}

GoTh=T,0T; =TsdTso{Th@Ts}  2:[A]@{}
3: 2@ {%} 4:[Th) {11}

UU=AeU

Channell : (Dky + (4)ky = ka

Channel2 : (Dky + 2)ky = ky

UyU=U0U; =Us @ Us = Uy @ Uy

=A@ A ]o{t 2:[Uh]e{l}

Us ® Us

=[As @ A3 D Ay D A5 D206] © {A1 D A5}

2: 20, ® Us & Uy) @ {201 @ Us ® Uy}
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CeC=ApCaoCo®D

Channell:  ( ks + (4)ks = ka
Channel 2 : ( Dks + (2)ks = k¢
Channel 3 : ( Dkx + (1)ky = ke
Channel4 : (16)ks + (2)ks = kp
C1RCI=C0C =[A@A;]@{As@ A} 2:[Ci]a{}
3:[Ch] @ {Cs} 4:[Dy] ®{Ds}
C30C3=0,00C; =[A3& Ng] ®{A; & As} 2:[Cs) @ {}
3:[Co) & {Ci} 4:[Dy] & {D1}
DeD=A®eC®D®D
Channell: (1)kp + (4)kp = ka
Channel2: (l)kp+ (2)kp = k¢
Channel3: (kp+ (1)kp =kp
Channeld: (6)kp+ (2)kp = kp
Di®@D;=Dy®Dy=[ADA] @ {A, @A} 2:[Ci] @ {0y}
3: (D)@ {} 4: (D) @ {Dy}
Ds®Ds=D, @Dy =[As DA B {A B A} 2:[Co) @ {Cy}
3:[Do] ®{} 4: (Do) & {D:}

A.9 Characters for Lattice Mode Representation

The matrices for LMR were derived in Ref. [29].
Characters of irreducible representations of DS, space group and the reducible lattice

mode representation (LMR).
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{g9/7} E Cf Cf Coy /T Célg/T Coo)7 I Sg S§ oui/T ou3/T Ow2/T
{g/7} 1 3 5 71 91 111 13 15 17 191 211 231
I (Ayy) 1 1 1 1 1 1 1 1 1 1 1 1
[oi (Agy) 1 1 1 -1 -1 -1 1 1 1 -1 -1 -1
I3 (Ey) 2 -1 -1 0 0 0 2 -1 -1 0 0 0
I (Ar) 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1
[y (Asy) 1 1 1 -1 -1 -1 -1 -1 -1 1 1 1
s (E,) 2 -1 -1 0 0 0 -2 1 1 0 0 0

Normal Modes obtained by Lattice Mode Representation at high symmetry points and
lines of DS, space group (Notation according to Ref. [23])

. 2F1+ @ 2F1_ @ 3F2+ @ 2F2_ @ 5F3+ @ 4F3_
cTF ©8F5 ©6F - @ 6Ly
213X @ 143,

1 13Y] @ 14Y5

N o~ Moy

. 27L1
Matrices for Wurtzite were derived in Ref. [20].

Normal Modes obtained by Lattice Mode representation at high symmetry points and
lines of Cg, space group (Notation according to Ref. [23]).
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A.10 Table for Connectiviy Relations

Connectivity for Sapphire

I'—= F:Ty — Py, Doy = Foy, gy = Fiy @ Foy, T — By
I's = F_& Fy

= ATy = Ay, Ty —Ag, T3y —Ag, T — Ay, T3 — Ag

I'—= YTy — X, Top — Yo, I'sp — X @ Yo, I'ie — X, Tom — 2o,
Ty — %, @5,

T'—=Y: Th—=Yi®eY, Ih—-YidY, I3 -Y18Y,

T—L:Ty— Ly, To — L, T3 — L

T—-P:T—-P®pP

L—Y: :L &Ly — 2Y; ®2Y,

F—=Y:Fyy— X, Foy =X, F1o — 3y, Fy — Y

Connectivity for Wurtzite are given in Ref. [20].

A.11 Kronecker Products

The Kronecker products are computer calculated and available in CDML-tables [23].

Here we extract the relevant KP for SV and DV representations at [' point.
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Al,03 (space group No. 167 A) DS,
Iy @y =Ty @ =T @6 =Ty @Iy =Ty @5, =Ty @15 =T
Ny ®@Toy =T @Iy =Ty @Iy =54 Qs =Ty @Iy =15 @15 =Ty,
I @3y =Ty @13 =T @3- =T @3- =Ty @T6y =51 @y
=l ®@l'g =15 @ =13,
@l =Tyy @l =Ty @5 =150y =T
'y ®@Toe =T @I =11 @Iy =1M_ @Iy =Ty @Iy =15, @15 =Ty
Iy @l =Ty @3- =13, 00 =13, @ =11 ®I'3; =Ty @
=I5, @l =T6r @y =T @5 =11, @'ty =15
I @lyy =Ty @15, =11 @Iy =Ty @I5. =Ty @0 =T, ', =Ty
Ny @Iy =T @Iy =1 @5 =Ty @'y =T,
P @6 =101 @16 =T Ty =T @15 =11 QT =1 @ L's-
=T @Iy =T3_Q@I's_ =Ty
@0 =Ty @5 =T @y =T @5, =11, @', =Ty
I @05 =T @y =T1- @5 =T @Tyy =T, @' =T
'y @l =Ty @l =13, 00 =13, @05 =TI ®IT'¢y =T @Iy
=03 @y =13 @I =T
I3, @3y =13 0T3. =T¢, @y =T @Tg- =T14 Ty T3y
'3y @Tgy =3 @D =Ty @ T's O It

I3, T =13 @y =1y ©5- @16y
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ZnO (space group No.186) Cg,
Mol =T,®0, =T3@ls =TT, =T,

Iely=I300 =1

MeIs=Ty@I'y =1

eIy =Ty®I3 =1}y

MRM=T5=I30¢ =Ty®T¢=1T;

MeR=T @l =T33 =Ty®5="T%

Mel;=Tywl,=TIyls=T,xs=1I%

Melg=Txly=I3 =Ty =TI%

MMRE=T@y =T33y =Ty®Ty="T,

@0 =T6@Tg=T1 0TI

Is@lg=I30T1® T

s =T¢gly=Ts® Iy

[0 =T¢xly=T7dIy

[T =Ts@Ts=T1 0TI

r@ly=I3ayaTs

@y =Ty, =05

[y@Tg=T1®T®dI'3d Ty

@l @Tyg=Ts@ly) @Tg=(Tg®@Ty) ® (I'g @ Iy)
=Iselsplh ol aolsaly
=hehoelsely,eolsdl
=@l =T'e([[;els) =T eI7) @ (7 @Tk)
=l lgpl'spl'y I

elsel,=Ts@dly)@Ty=Ts®@17) @ (T'y®17)
=[3elyals) e (@)

=30y ®2l5d
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A.12 Spinors Calculations for Hexagonal and Trigo-

nal Groups

Spin matrices

E(1), 1(13)

A=0 D1y = 0y cos(0/2) — i (Aoy + poy, + vo)sin(0/2)
uw=20 10

V= N <O 1)

6 —

A=0 D1y = 0y cos(0/2) — i (Aoy + poy, + vo)sin(0/2)
p=0 (V3 -4i 0

v=1 B 0 3V3+3i

03

D1y = 0y cos(0/2) — i (Aoy + poy, + vo)sin(0/2)

A=0

p=0 (3330
v=1 B 0 %Z\/g—i-%
p=z

D1y = 0y cos(0/2) — i (Aoy + poy, + vo.)sin(0/2)

A=0

uw=0 —i 0
v=1 :<0 z)
0



S

5), Sg (17)

|
o ~ = ©

T " = >
I

3

SR
I
g = o = &2
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=
(0.¢]
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S

(7)7 Ou1 (19)

> " = >
I
o o =

I
3
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y Ud2(20)

S T = > 0
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Do

Do

= 0y c08(0/2) — i (Ao, + poy, +vo,)sin(6/2)

:<—§z 3-1 0 )
0 liv3—1

= 0y c08(60/2) — i (Ao, + poy, +vo,)sin(6/2)

:<—% 31 0 )
0 li—1iV3

= 0y c08(0/2) — i (Ao, + poy, +vo.)sin(6/2)

(%)

= 0y cos(0/2) —i (Ao + poy, + vo,)sin(6/2)

0 —1iv3-1
1
2

= 0y cos(0/2) —i (Ao, + poy, + vo,)sin(6/2)

(1)
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A= _% D3 = 01 c0s(0/2) — i (Aoy + poy + vo.)sin(0/2)
p="y (0 i3

v=0 W3+l 0

0=m

A= _73 Dy = 01c08(0/2) — i (Aoy + poy + vo.)sin(0/2)
n=3 0 liy3-l
v= LB+l 0

Spinors with 6 + 27

E(T=49), I(13 = 61)

A=0 D3 = 01 c08(0/2) — i (Aoy + poy + vo.)sin(0/2)

pw=0 -1 0
v=1 Lo -1

0 =2

CFH(2=50), S5 (14 = 62)

A=0 D)3 = 01c0s(0/2) — i (Ao, + poy + vo.)sin(0/2)
p=0 (%i—%\/g 0 )

v=1 0 —V3 -1

0 =m/3+2m

Cy (3=51), 5§ (15 = 63)

A=0 D)3 = 01cos(0/2) — i (Aoy + poy + vo.)sin(0/2)
p=0 liv3-1 0

v=1 :< 0 —%M—g)

0 =2r/3+ 21

(
IO T Ve
—3iv3-1 0
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C, (5 =53), 5, (I7 = 65)

A=0 D13 = 01c08(8/2) — i (Aoy + poy + vo.)sin(0/2)
p=0 (%z‘\/§+§ 0 )

v=1 0 % — %Z\/g

0 =4r/3+ 2r

Cy (6 = 54), 5, (I8 = 66)

A=0 D13 = 01c08(8/2) — i (Ao, + poy + vo.)sin(0/2)
=0 B ( 0 %—%iﬁ)

v=1 —Liv3-1 0

0 =5m/2+ 21

D13 = 01c08(0/2) — i (Aoy + poy + vo.)sin(0/2)

7
A=1
©=0 0
v =0 :<i 0)
9

A =13/2 D13 = 01c08(0/2) — i (Ao, + poy + vo.)sin(0/2)
p=1/2 ( 0 %z\/§+§>

v=20 %Z\/g—% 0

0=2r+m

Ty (0 = 57), 7 (21 = 69)

A=1/2 D13 = 01c08(0/2) — i (Ao, + poy + vo.)sin(0/2)
p=3/2 ( 0 %\/§+%z’>

v=0 Li—-3V3 0

0=2r+m

()

Cy(1

A=0 D3 = 01 c08(0/2) — i (Ao, + poy + vo.)sin(0/2)
pw=1

v=20

6
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Cp(T1 =59), 7,2(23 = 71)

A=-1/2 D13 = 01c08(0/2) — i (Ao, + poy + vo.)sin(0/2)
p=3/2 0 3i—3V3

v=0 B <§ﬁ+%i 0 >

0=2r+m

=—V3/2 D13 = 01c08(8/2) — i (Ao, + poy + vo.)sin(0/2)
p=1/2 ( 0 1- %iﬁ)

v = —3iv3 -3 0
0=2r+m
1 1 1 1
— W =exp(in/3) = =iV3+ = w = exp(i2r/3) = =ivV3——
2 2 2 2
1 1
exp(im) = —1 w?= W= exp(idn/3) = —5iV3—3
ok . 11 . . . 1 1.
—iw* =iexp(in/3) = =i—=V3 iw =iexp(i2n/3) = —=V3 — =i
2 2 2 2
1 1
iexp(im) = —i iw* =idexp(idr/3) = 3 3— QZ

Example of multiplication of two symmetry operators matrices (Spinors)

21 x 6 = 70(22)

(0 EE (B0
AV -1 0 0 i — V3

i} : (1V3-5) (W3 +5)) _ (0 Lo
T\ (GVE- 3 (Va8 0 10 0

N |

The multiplication of Vector Representations (Jones Symbols) yields, e.g., 21 x6 = 22,

while the multiplication of spinor representations yields Dj /(10 or 22) = —Dj /5(10 or 22)

0 -10 010 1 -10
-1 00 -110f=1]10-10
0 01 001 0 01

The correct choice for the result in multiplication table is 22. The multiplication
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table in this work is in accordance with CDML multiplication tables and translation

from Kovalev tables to CDML-tables as well.
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Appendix B

Figures and Diagrams

In this section we present all the figures and diagrams related to the theoretical expla-

nations given in the text.

B.1 Lattice Mode Representation

Figure B-1: Arrangement of Atoms in Sapphire
The angles in the Fig. are defined as follows for the lower pyramid:
a1(312), a2(123), a3(231), £1(412), B2(432), B5(431)

Bi(421), B5(432), Bs(413), 5,(140), 55(240), 35(340).
The displacements are placed at the atoms(ions) of oxygen (1)d;, (2)dy and (3)d3
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B.2 Brillouin Zone for Sapphire and Wurtzite

Figure B-2: Brillouin zone for sapphire structure

Figure B-3: Brillouin Zone for GaN and ZnO structure
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Figure B-5: Phonon dispersion curve of sapphire
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B.4 Raman Spectra

The Raman Spectra of Sapphire and GaN were measured at room temperature.

9
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g 1160 ~ Q
m s
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Figure B-6: Sapphire spectrum at room temperature
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Figure B-7: Sapphire spectrum at room temperature showing second order modes
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Raman Spectra of GaN side supported on Sapphire
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Figure B-8: Raman spectrum of GaN on sapphire substrate
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Figure B-9: GaN Raman spectrum at room temperature with sapphire modes visible
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Figure B-10: Raman Spectra of sapphire showing overtones
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Figure B-11: Overtones and combination modes of Raman Sapphire
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B.5 Electronic Band Gap of Sapphire and ZnO

B.5.1 Discussion of line I' — A — A for Wurtzite.

The displacement representation [20, 27, [32] provides the number of normal modes and
their symmetries in the entire BZ. In the wurtzite structure the normal modes spanned

by displacement representation at critical points I'; A and line A are:

r 2F1 D 2F4 D 2F5 D 2F6
A . 2A1 @ 2A4 @ 2A5 @ 2A6
A . 2A1 @ 2A4 EB 2A5 @ 2A6

Using compatibility relations, the resulting modes assignment along the I' — A — A axis
is:

Point I': Ty &@T@'5, I'g, I'y, I's, I'g, I'y and T'y

Point A:  A; ® A%, Ay @ A}, As ® Af and A; © A}

Line A : the dispersion curves connect the points I' and A when going from
the bottom to the top on the A axis side: Aj, A, Ay, AT, A5, Af,
Ay and A7.

Using CDML tables we have derived all ', A and A irrps. We have found the following
relations. A} = Ay, A; = Ag, A7 = Ay, A} = Ag. Figure 1 displays assignment of
the schematic dispersion curves of the I' — A — A region of the BZ subjected to TRS
for wurtzite compounds in terms of joint irrps. For simplicity we used straight lines for

connectivity.
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Figure B-12: Dispersion curve scheme for ZnO under Time Reversal

B.5.2 Discussion of the I' — A — Z Line in Sapphire

Heidi et al.[4] have used the ab initio lattice dynamics in sapphire to obtain the lattice
modes. They obtain the frequencies and degeneracies for infra red and Raman modes.
The dispersion curves for A—phonons and ¥ —phonons are calculated and compared with
their experimental data from neutron scattering. However, they did not assign the modes
in the dispersion curves. In this work we proved that the modes at T'(Z) are TRS
subjected. With help of connectivity relations and total number of modes from the LMR
we are able to assign the modes correctly. A similar feature already observed with ZnO
structure.

Along the A—line, the one dimensional representation A; 5 (DV-phonons), when TRS
is considered gives the correct degeneracy: A; @ Aj(2) + Ay @ A5(2) — T3 @ T5(4). There
are 10 one-dimensional A—rep (DV-phonons). At I'— point we assign the modes to

measured values through Inelastic Neutron Scattering and Raman scattering.
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Figure B-13: Phonon dispersion curve of sapphire under Time Reversal Symmetry

Here we have plotted the one dimensional representation along the A— line (A; and
As). In round brackets the degeneracy of the representation is given. There are 10 two-
dimensional representations (20 phonon modes) without taking TRS in consideration.
When TRS is taken into account the sum of degneracy along the A line 2x (A3(2) B A3(2))
—— 2 X A3(4), matches the preticted degeneracy at high symmetry point 7'(8).
number of phonons obtained by LMR and their degeneracy agrees with the measured

phonons by Inelastic Neutron scattering to 30 phonons.
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Figure B-14:

Wave vector k=(a,a,0) A,-line

Phonon dispersion curves of a-Al;O3 in I'-A-T
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