Chapter 3

Semi-infinite cohomology

In this chapter, we develop an adjusted version of semi-infinite cohomology which will be used to
define affine W-algebras in Chapter 4. The main results of this chapter are contained in [Hel7a].

3.1 A brief review of Lie algebra cohomology

Let L be a complex Lie algebra and M be an L-module. The space of n-cochains (or n-forms) with
coefficients in M is the space C"™(L, M) := Hom¢ (A" L, M), where A" L is the n-th exterior power
of L. Given an n-cochain f € Homc(A™L, M), the coboundary of f is the (n + 1)-cochain 4 f,
defined to be

n+1
(6f) (1, o) :Z(_l)lxi (@, By )
=1
+ Z (_1)Z+]f([ml7xj]7x17 7£’L‘7"' 7‘%j7”' 7:1:71-{-1)7 (31)
1<i<j<n+1

where &; means that the term x; is omitted and - is the Lie algebra action on M. One can show by
straightforward calculations that 62 = 0, hence we have a complex (C*(L, M), ).

Definition 3.1.1. The complex (C*(L, M), ) is called the Chevalley-Eilenberg cochain complex and
its cohomology is called the cohomology of L with coefficients in M.

Let L* = Homg (L, C) be the dual of L. Assume that L is finite-dimensional, while {e;, - - - ,e4} and
{et,--- ey} are well-ordered dual bases of L and L*, respectively, in the sense that (e}, e;) = 0; ;.
One can identify Homc (A" L, M) with A" L* @ M by considering e A---Aej ®m as the n-cochain
sending ej, A --- Aej, to det((e] ,ej,))1<ke<nm. If we assume that in the above expressions we
have iy < --- < iy and j; < --- < jp, then

m ifilzjl,-",in:jn,

(ej, N---Nej @m)(ej, N---Nej,) =

11 .
0 otherwise.
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The Clifford algebra Cl(L & L*) is the associative algebra generated by {c(e;), e(€]) }1<i<q, With
relations:
wei)iles) + vlej)ules) = e(ef)e(e;) +elej)e(e)) = 0 and u(ei)e(e) + e(ef)ules) = 6ij.  (3.2)
The Clifford algebra CI(L © L*) acts on A°L* = P, AL* in the following way: t(e;) is the
contraction operator +(e;) : A"L* — A"~ 1L* defined by
e yi A Ay =) (DM eyl A AR A A
k

and (e} is the wedging operator (e}) : A"L* — A" L* defined by
e(e) Y1 N ANyp =€ Ny A= Ny

Straightforward calculations show that these operators ¢(e;) and (e}) satisfy (3.2), so it defines an
action of C1(L & L*) on A®L*.

Let
§=> elef)®ei— Y ele))e(ef)ulles e5)) @ 1. (3.3)
i i<j
Then 6 € CI(L & L*) ® U(L), hence it has a well-defined action on A*L* @ M.

Proposition 3.1.2. The operator 6 defined by (3.3) realizes the operator § defined by (3.1) in the
Chevalley-Eilenberg complex.

Proof. We need to show that §f = 0f for all f € A®L* ® M. It is clear that both § and § map
A"L*® M to A"t L* ® M. Thus we only need to prove that for f = ej, N Nej @m e A"L* @M
andw =e;, A~ Aej,,, € A"TL, wehave (6f)(w) = (6f)(w). We assume that i1 < -+ < i,, and
J1 < -+ < Jn+1. By definition,

n+1
) R
(6f)(w) :Z(_l) € f(ejn'" 1 €je> ’ejn-‘rl)
(=1
k+¢ o A
+ Z (—1) +f([€jk7€je]7ej17"' RS T 7€jn+1)'
1<k<f<n+1
Note that
Ze(ei)@ek-f:ZeZ/\e;: N---Nep ®eg-m,
k k
and

(er NejA---Nep @ep-m)(w)

(—1)463‘4‘]0(6]*1,-” 7éjz7'” ’ejn+1) it k = jg,
0 ifk¢{j17”'7jn+l}7
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SO

n+1
Y4 A~
<Z€(62)®6k f) (w) = Z(_l) €3¢ 'f(eju"' 1 €4y 77" 76jn+1)'
k (=1
Letf;s 26?1 /\-~-/\é;:-~-/\e;kn®mandw5m :ejl/\---/\éjk---/\éje---/\ejnﬂ.Then

e(ene(ey)llene) @1-f= Y (1) Hef, [eiejlhe; Aej A fi,

1<s<n
and
1)ktet1 2)if i = g, = e,
(65 A AT )(w) = (—1) fi(ws, 5) e -]k] .jz |
if {/L?j} 1¢— {jh e 7.7n+1})
)
Y oeene(e)ulene]) @1 f | (w)
1<j
= Z Z 1)*+H( ]H_Hl(e [e]k,e“])f (ij,je)
k<t 1<s<n
k l
- Z ’ +1f (legis €l /\wf'kﬁe)
k<t
- Z DM E( ([eji>€iels€un s 2 8as v €y 5 € )-
k<t
Now it is clear that (0 f)(w) = (§f)(w). O

3.2 Semi-infinite structure and semi-infinite cohomology

A Lie (super)algebra L is called quasi-finite Z-graded if

L=@PL, with dimL, < oo, and [Ly, L] C Lyn forall m,n € Z.
nez

Let

Leo:=@PLynand Ly :=EPLn.

n<0 n>0
The Z-grading on L induces a Z<(-grading on U(L<g), a Z>o-grading on U (L) and a Z-grading
on U(L), where U(a) is the universal enveloping algebra of the Lie (super)algebra a. By the PBW

theorem, as L = L<o ® L, their universal enveloping algebras, as vector spaces, are related by
U(L) = U(L<o) @ U(L+).

A typical homogeneous element of U(L) is of the form >, u;v; with u; € U(L<g), v; € U(Ly)
and deg(u;v;) = deg(ujv;) forall 1, j.
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Definition 3.2.1. Let L be a quasi-finite Z-graded Lie (super)algebra. The completion U(L)“™ of
u;v; with u; € U(L<p),v; € U(L+) such
that only a finite number of v; have degree less than N, i.e., #{v; | deg v; < N} < oo, for each

00
1=—00

U(L) is the vector space spanned by infinite sums »
integer N € Z>.

Products are well-defined in the completion, which makes U (L) into an associative algebra. Ob-

viously, U (L) can be considered as a subalgebra of U (L)“"™.

Definition 3.2.2. Let L be a quasi-finite Z-graded Lie algebra. An L-module M is called smooth if

for any given m € M, we have L,, - m = 0 for n > 0.

Remark 3.2.3. One can extend the action of U(L) on a smooth L-module to its completion U (L )™
Let My, Mo be smooth modules for Ly, Lo, respectively. Then the tensor product M1 ® Ms is naturally
a smooth L1 @ Lo-module.

Definition 3.2.4. Let L, Ly be two associative or Lie superalgebras, and ¢ : L1 — Lo be an algebra
homomorphism. A superderivation of parity i € Zgo with respect to ¢ is a parity-preserving linear

map D : Ly — Lo satisfying Leibniz’s rule
D(uoyv) = D(u) 02 p(v) + (~1)""Wp(u) 03 D(v) (34

for all u,v € L; with u homogeneous, where p(u) is the parity of u and o1, o9 are the multiplications
or Lie brackets of L1, Lo, respectively. We call D even if ¢ = 0 and odd if + = 1. When one of
{L1, Ly} is a Lie superalgebra and the other is an associative superalgebra, we consider both of them

as Lie superalgebras.
Remark 3.2.5. (1) When L1 = Lo = L and ¢ = id, D is a superderivation of L.

(2) A superderivation from a Lie superalgebra L to an associative superalgebra A will induce a

same-parity superderivation from U (L) to A.

(3) Let A be an associative superalgebra. Then a superderivation D of A as an associative super-

algebra is also a superderivation of A as a Lie superalgebra.

(4) Let Ly be generated by a subset S. Then a linear map D : L1 — Lo satisfying (3.4) for all
u,v € S can be extended uniquely, through Leibniz’s rule, to a superderivation from L to Lo,

i.e., a superderivation is completely determined by its value on a generating subset.

3.2.1 Semi-infinite structure

Let L = ,,c7 Ln be a quasi-finite Z-graded Lie algebra, with subalgebras L<o = €, ., L, and
Ly =@,-¢Ln Let{e; | i <0} and {e; | i > 0} be homogeneous bases of L<y and L:r, respec-
tively. Homogeneous means that each e; € L, for some m € 7Z. We also require that whenever
e; € Ly, wehavee;y1 € Lyyorejyq € L. Let L = @nez L7 be the restricted dual of L with
dual basis {e] | ¢ € Z} such that (e}, e;) = J; j, where L}, := Homc¢(L_p,,C).
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Definition 3.2.6. The space A°/2*L* of semi-infinite forms on L is the vector space spanned by
infinite wedge products of L*, i.e.,

%k *
w=-e; Neg, N+

for which there exists an integer N (w) such that for all £ > N(w), we have i1 = ix — 1.

Let ¢(L) and e(L*) be copies of L and L*, with bases {¢(e;) | i € Z} and {e(e]) | i € Z}, respectively.
For z € L and y* € L*, we denote by «(x) and £(y*) the corresponding elements in (L) and (L"),

respectively. Define a Lie superalgebra
cd(L) = uL)®e(L*)®CK

with «(L) @ e(L*) being odd (note that we assume that L is a Lie algebra, hence a purely even space),
K being even, and with Lie superbracket: for x,y € L and u*,v* € L*,

[1(x), u(y)] = [e(u”),e(w)] =0, [u(x),e(u’)] = (", 2) K, [K,cl(L)] = 0.
Note that ¢l(L) inherits a natural Z-grading from L with

(Ly) ®e(L}) ifn #0,

c(L), =
(Lo) ® e(LE) ® CK  ifn = 0.

By the definition of L*, we have t(e;) € cl(L), and €(e}) € cl(L)_, when e; € L,. The Lie
superalgebra cl(L) acts on A>/2+9 [* in the following way, K acts as identity, and for e, € L,

elej,) e, Nej, N---=ei Nej Nejy A---
Weig) e Nefy A= (1) T Mer eig)ef, Ao e A
E>1

The Clifford algebra CI(L & L*) is defined to be the quotient of U(cl(L)) by the ideal generated by

K — 1, and it also has a well-defined action on A%/2+®[*,

For a subspace V of L, we let V+ = {w* € L* | (w*,u) = 0, forallu € V}. Then L+ = D0 L1
Letwo =ejANer; Ney A---. Then

1(v) - wp = e(u*) -wy = 0, forv € Ly and u* € L. (3.5)

The elements ¢(v),e(u*) with v € Ly and u* € Li are called annihilation operators. Note that
two annihilation operators always anticommute with each other. One can show that the space of
semi-infinite forms A°/2+*L* on L is the irreducible Fock module of C1(L @ L*) generated by the
“vacuum” vector wy, with relations defined by (3.5). Every element of A/2+® [* can be written as a

linear combination of monomials of the form

t(eg) - L(6i3>6(€;) . '5(€jt) W
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Remark 3.2.7. Note that (3.5) implies that cl(L),, - wo = 0 for n > 0. In particular, A>°/***L* is a

smooth cl(L)-module on which K acts as identity, and the action can be extended to Uy (cl(L))®™ :=

U(cl(L))™ /(K — 1).

We want to define an L-action on A°/2+® L* through that of cI(L). For the moment we just call it an
action, but not necessarily a Lie algebra action. For z € L,, with n # 0, we denote by p(z), the action
of  on A%/2+* * defined by

px)-ef, Nej, N---: Ze“/\ -Nad*w(ej )A---, (3.6)
k>1

where ad” is the coadjoint action of L on L*. The above sum is finite, thanks to the definition of semi-
infinite forms and the fact that x € L,, for some n # 0. It is easy to verify the following relations (as
operators on A/2t*L*): forall y € L, 2* € L*,

[o(z), y)] = eladz(y)),  [p(x),e(z")] = e(ad™z(2")). G.7)

For x € Lo, we cannot use (3.6) because it may involve an infinite sum. Letwg = egAe* { Aef g A -+,
and choose § € L, considered as a function on L such that 5(L,) = 0 for all n # 0. Define
p(x) - wo := B(x)wp, and extend it to an action on A>/2+*L* by requiring (3.7). This can be done
because A%/2® L* is irreducible and generated by wy as a module of the Clifford algebra C' (Lo L*).

To give an explicit expression of the action p(x), we define the normal ordering of two elements of
t(L) @ e(L*) as follows,

su(ei)i(eg) = wlei)i(e;), :elef)e(e]) :=el(ef)e(e;), forall 4,5 € Z,
L(e;)e(e}) ifi£jori=j5<0,
—e(ej)u(e;) ifi=j>0.
Remark 3.2.8. The idea of normal ordering is to make sure that annihilation operators always
appear on the right side of a product. Given a product of multiple operators, for example, w =

(e, )e(ejy) - - - L(ei,), the normal ordering : w : means that we should move the annihilation opera-

tors to the right side and then add the sign of the permutation for doing so.

Thanks to normal ordering, for all z € L, the following elements are well-defined in U (cl(L))“™

and we have

D e(adtz(e)))ule) ==Yt uladz(e;))e(e]) : .

€L i€EZ

Let

PP(@) = s uladw(e))e(e;)  +B(x). (3.8)
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Then p(z) has a well-defined action on A>/2+*L* as it is a smooth cl(L)-module. Moreover, p° (x)
satisfies (3.7), i.e., fory € L and z* € L*, we have

[P (@), ()] = ada(y), [ (2).e(z")] = ead*a(2")). (3.9)

Lemma 3.2.9. The operator pP(z) realizes the action of p(z) on A°/>+*L*.

Proof. Since both p?(z) and p() satisfy (3.7), and A°/2+* [* is generated by wy = e Ae* | Ae* o A
- as a Cl(L @ L*)-module, we only need to show that their actions on wy coincide. For simplicity,

we assume that z = e;, . By definition
B(eim )WQ if €, € Lo,

plei,) -wo =
doeso€o N ANadei, (e ) A ife;, € Ly andn # 0.

Now let us calculate the action of p®(e; ) on wy. When e;, € Lo, there is an annihilation op-
erator in each summand : c(ade;, (e;))e(e}) : since [Lg, L,] € Ly. Therefore, the sum ), :
t(ad e;, (e;))e(el) : acts as zero on wy and pP(e;,) - wo = B(ei, )wo. When e;, € Ly, for some n # 0,
we have (e;, ) = 0. Moreover, (ad”e;, (e})) always anticommutes with ¢(e;) as [Ly,, Ly,] € Lyytn,
so we can drop :: in p®(e;, ). Remember that t(e;) - wo = 0 for all i > 0, so
pPler) wo =Y elad e, (ef)) - (—1)'ef A  AEFA--
i<0

:Ze(’;/\---/\ad*eim(e;‘)/\'-- .
i<0

O
One can show that the centers of the Clifford algebra CI(L & L*) and its completion Uy (cl(L))<™
are both trivial, i.e., they only contain the constants.
For z,y € L, define
VP (2,y) = [0 (@), 0 ()] = P ([, 9)). (3.10)

It is clear that A°/2+*L* admits an L-module structure under p?(z) if and only if v (z,y) = 0 for
all x,y € L. One can show that v’ (z, ) is central hence a constant in Uy (cl(L))°°™. Indeed, it is a
2-cocycle, i.e.,

(@, [y, 2) + 77y, [2,2)) +7° (2, [y, 2]) = O forall z,y,z € L.
Moreover, one can show that wﬁ (L, Ly) = 0 whenever m + n # 0 [Vor93].

Definition 3.2.10. We say that L admits a semi-infinite structure through p? if 4°(-,-) = 0, i.e., if
A/2+* [* is an L-module under the action p® (). We say that L admits a semi-infinite structure if L

admits a semi-infinite structure through p? for some 3 € L§.
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Remark 3.2.11. We can drop the restriction that 3 € L for a more general definition. In Chapter 4,
when we realize affine W-algebras as semi-infinite cohomology, we are in the more general case. But
for the existence of a semi-infinite structure, the part which belongs to Ly is essential. For example,
let =, 0; € L* with 8; € L}. Then pP gives L a semi-infinite structure if and only if p™ does
and 0B; = 0 for all i # 0. Here 03;(x,y) := Bi([x,y]) for x,y € L.

Example 3.2.12. If L is abelian, it always admits a semi-infinite structure. When H?(L,C) = 0,
every 2-cocycle is a coboundary. If v(-,-) # 0, we can choose some ' € L* (by [Vor93], we
can choose 3’ € L), such that 95’ = 7P (-,-), then pﬁ_ﬁl gives a semi-infinite structure for L. For

example, affine Kac-Moody algebras and the Virasoro algebra admit semi-infinite structures.

Let a be a finite-dimensional Lie algebra. Recall that the affinization of a is the tensor product a :=
a ® C[t,t~1] with Lie bracket: [a ® t",b ® t™] = [a,b] ® t™ 1" for all a,b € a and m,n € Z, where
C[t, 1] is the ring of Laurent polynomials. It has a natural Z-grading with a,, := a ® t".

Proposition 3.2.13. Let n be a finite-dimensional nilpotent Lie algebra. Then n admits a semi-infinite

Structure.

Proof. Let dimn = d and B := {e;}1<i<q be a basis of n, with structure constants {cég ;} such that
[ei, ej] =30 'jex- Since n is nilpotent, by Engel’s theorem, we can choose the basis B, such that

Z ;= 0for k > j. In the language of matrices, ade; € gl(n) with respect to B are strictly upper
triangular matrices for all ¢. In particular, we have 027 ; = 0. We fix such a basis B, and let {¢] }1<i<a
be the dual basis of n*. Identify the restricted dual #* of fi with n* ® C[t,¢~!] through the pairing
(e;f Rt e; @ t") = 0n,—m0;, ;. For convenience, we denote by e; ,, := e; ® t" and efpi=ef @t

Then {e; »,} and {e},, } form dual bases of i and n*, respectively. The adjoint action gives
ad ei,n<ej7m) = [eiﬂu €j7m] - [617 6.7 ® tm+n Z Ci 0,J €k ym+n:

For the coadjoint action, we have ad”e; n (€] ,,,) = sS4 1 C
Let
Py = 3 siladalein)elely) s

i=1,.d,
nGZ

We show that 9(z, y) := [p°(x), p°(y)] — p°([z,y]) = O for all x,y € , i.e., i admits a semi-infinite

structure through p°.

For simplicity, assume that = = e;, , and y = ¢;, . Since ¢(ad z(e;,)) anticommutes with e(e;n)
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by the choice of basis of n, we can drop the normal ordering :: in p°(x), so we have

[PO (€inna ) PO (6iy7ny )]
= Y [dades, n,(ein))e(er,), e(ad es, n, (€5,0))e(e)m)]

l,jil, )du
m,nel
— A+ B,
where
A= > uadei, . (ein)) [e(ef ) e(ad” e, m, (€]m))e(em)]
27.7:17 7d7
m,ne’l
B= Y [ladei,n,(ein)) (ad e, n, (€]))e(ejm)] (€] ,)-
27.7:17 7d7
m,ne’l
Note that
A=— Z v(ad e, n, (€in))e(ad e, n, (€7 ,))
=1, ,d,
neL
== > ki, Ueinrn)E(nn,),
i7j7k:17"' 7d7
nez
and

B= Z (ad™eiy n, (€] ), ad €iy m, (€in))t(ejm)e(€] )

i,j=1,--- ,d,
mnGZ

j k

= Z c]z:,iyCiz7ib(ej7n+nz+ny)g(ezn)
Pk

= Z Cl]cz Ciz,iL(ej’m‘i‘nz)E(e;{,m—ny)'

Similarly, we have

po([eiz Nz eiy»ny]) = Z L(ad [e’izﬂlzﬁ eiy,ny](ei:n))g(ezn)
lzlv 7d7
nez

j k
= E : ng,z‘ycj,iﬁ(ek,nJrnﬁny)5(6%)
imj?k:l?"' 7d7
nez

j k
= Y i diermin)E(€mnn,)-

i,j,k':l,“' 7d7
meZ

Now [p°(x), p°(y)] — p°([z,y]) = 0 comes from the Jacobi identity of the structure constants,

_ () j
- E Ck Sy + E : 1y zz - § :Cimiycz?,k‘
% 7
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3.2.2 Semi-infinite cohomology

In this subsection, we assume that L is a quasi-finite Z-graded Lie algebra admitting a semi-infinite
structure through p? defined by (3.8), i.e., ¥?(-,-) = 0 and the map p® : L — Uy (cl(L))®™ defined
by = +— p”(z) is a Lie algebra homomorphism, which gives A>/2F¢ [* an L-module structure.

Let 0 : L — U(L) ® Uy(cl(L))°™ be the map defined by
0° () := x + pP(x). (3.11)

Remark 3.2.14. Note that we omitted the tensor product ® in (3.11), s0 0°(z) = 2@ 1 + 1 ® p°(z).

We will use the same notation in the sequel.

The map 67 is obviously a Lie algebra homomorphism. Let M be a smooth L-module. Then the tensor
product M ® A%/2+* [* is naturally a U (L) ® Uy (cl(L))°®™-module hence a smooth L-module under
the action 0°(z). Since  commutes with +(L) and e(L*), we have: forally € L, 2* € L*,

07 (), ()] = ol y]), [07(2),e(2")] = e(ad”z(2Y)).

Let

@ =S e(el) = 3 ulles eDe(e(e]) s +2(9)

i€Z i<j
= Zez - = Z su([er e5])e(el )e(er) + +e(B). (3.12)
i€EZ JEZ

Then d? € U(L)*™ @ Uy (cl(L))®™ has a well-defined action on M @ A>/2+eL*,

Lemma 3.2.15. We have [d°, 1(z)] = 0°(z) forall x € L.

Proof. For simplicity, we assume that z = ej, for some k € Z. Then

> eie(e}) +£(8), ulen) | = ex + Blex),

i€z
and
=D s ulen e))e(ed)e(er) = elen)
i<j
:—Z ([eisex]) +Z t([ex, e5])e(e}) :
i<k k<j
= Z (adeg(e;))e(er) : .
1€
Therefore, we have [d®, u(ex,)] = 07 (ep). O
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We define a charge grading on cl(L) by setting
—cdegi(x) = cdege(y*) =1 forze L,y* € L*, and cdegK =0. (3.13)
When we refer to the charge gradation, we will add the superscript *. We have
cd(L) =c(L)*, & c(L)§ & (L)}

with cl(L)T = e(L*),c(L)§ = CK and c¢l(L)*, = «(L). This induces a charge gradation on
U(cl(L)) and also on the Clifford algebra CI(L & L*). As a simple module of CI(L & L*), the space
of semi-infinite forms A°°/2t® L* inherits a charge gradation if we set cdegwy = 0, with

AOO/2+TLL* = (AOO/2+.L*):; — SpanC{L(eil) “e L(eis)g(e;’fl) .. 'E(G;t) - W ’ t—s = n}

With respect to the charge gradation, the operator p®(z) is of degree zero for all x € L, so each
component A%/2t" [* is an L-submodule. If we define the charge degree of M to be zero, then d” is

a charge degree 1 operator on M @ A°/2+eL*,

Proposition 3.2.16 ([Vor93], Proposition 2.6). The operator d° does not depend on the choice of
basis of L, and (d%)* = 0.

Definition 3.2.17. The complex (M ® A/2epx B ) is called the Feigin standard complex and
its cohomology H>/?**(L, 3, M) the semi-infinite cohomology of L with coefficients in M. When
B = 0, we write just as H>/2+*(L, M).

Remark 3.2.18. There is an interesting characterization of the differential d® in [Akm93] and in
[Aral7] for affine W-algebras in the principal nilpotent cases, which can be realized as a semi-infinite
cohomology. To contrast with our adjusted version in the next section, we will also call the cohomol-

ogy in Definition 3.2.17 ordinary semi-infinite cohomology.

We write 3 in the cohomology because it plays some role. Indeed, if pﬁl gives another semi-infinite
structure, one can show that (8 — 5')([L, L]) = 0, so 3 — ' defines a 1-dimensional module Cg_g
of L, on which z € Lacts as (8 — 3')(z).

Proposition 3.2.19 ([Vor93], Proposition 2.7). If both p® and ,05/ give semi-infinite structures on L,
then

HOO/2+.(L,,B,M) o HOO/2+0(L7B/7M®(CB_5/).

3.3 An adjustment when the 2-cocycle 7”(-, -) is not identically zero

Recall the notation in the previous section. We assume that v°(-,-) is not identically zero in this

section, i.e., p® does not give a semi-infinite structure on L.
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3.3.1 What is the problem

Let d” be the operator defined by (3.12) and let us consider the value [[(d?)2, .(z)], t(y)] for z,y € L.
Since d” is odd, we have (d°)? = %[dﬁ, d?), hence [(d®)?, u(x)] = [d°, [d®, 1(x)]]. By Lemma 3.2.15,
we have [d°, (z)] = 6°(z) (though we assume that v°(-,-) = 0 in that section, the calculations in
Lemma 3.2.15 still hold), so

H(dﬁ)zv L(x)], L(y)] = Hdﬁ7 eﬁ(x)]a L(y

la,y). (3.14)

In particular, the operator d” is not of square zero if (+,-) is not identically zero.

Let ker v# := {2 € L | y(z,L) = 0} be the radical of the 2-cocycle v°(-,-). Then ker 7 is
obviously a graded subalgebra of L. Let us choose a graded complement of ker 7 in L, which we
denote by Fz. Then L = ker v @ Fj, and v7(-, -) is non-degenerate on Fj. Let (F) be a copy
of Fjg. For x € L, we use €(x) to denote its projection in Fz but considered as an element of €(F3).
Then e(ker 4%) = 0.

Consider the Lie superalgebra
c¢(L) = (L) ®e(L*)® CK & €(Fp),

which contains c/(L) as a subalgebra. By definition, the subspace €(Fj) is even, commutes with
cl(L), and has bracket: [¢(x), e(y)] = —v?(z,y)K for z,y € Fjs. Since Fj is a graded subspace of
L, the subalgebra e(F3) & CK is Z-graded with

e((F3)n) ifn #£0,

(e(Fp) ®CK), = _
€((Fg)o) ®CK ifn=0.

The subspace €(Fp) := (6D,,~ €(F3)n) ® CK is an abelian subalgebra, thanks to the property that
VP (L, Ly) = 0if m + n # 0. Let C be the 1-dimensional module of this abelian subalgebra on
which @, €(Fj3)n acts as zero and K acts as the identity. We call the induced module

e(Fg)®CK

. C (3.15)

§p = Ind

the Fock representation of €(F) @ CK, which is obviously smooth. Remember that A>/>T*L* is a
smooth cl(L)-module on which K also acts as identity, so A>/27*L* ® § 5 is a smooth ¢(L)-module.

Let Uy (c(L))®™ := U(c(L))®™ /(K — 1), and define amap p° : L — Uy (c(L))*°™ by

7 () = o (&) + e(a).
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Then /() has a well-defined action on A®/?**L* ® §4, and for z,y € L, 2* € L*, we have
[0°(2), ()] = l,y]),  [p7(2),e(z)] = e(ad™z(2")),  [p7(2),e(y)] = =7 (2,y).  (3.16)
Let s(L) = L @ ¢(L) be the direct sum of L and ¢(L). Then s(L) inherits a natural Z-grading from L
and c¢(L). Let
Ur(s(L))*™ := U(s(L))*™ /(K = 1) 2 U(L)*™ @ Ur(e(L))*™,
and
0°(z) = x + p°(z) € Uy (s(L))™. (3.17)

Let M be a smooth L-module. Then §%(z) has a well-defined action on M ® A®2He L @ F 3. We
have [0°(z),y] = [z, y] for all z, y € L, moreover,

[0°(2), ()] = ([z,9]),  [07(2),e(z")] = ead*z(2%)),  [0°(x),e(y)] = =27 (z,9).  (3.18)
Lemma 3.3.1. The map p° : L — Uy(c(L))®™ is a Lie algebra homomorphism if [L, L] C ker 4.

Proof. We need to prove p°([z,9]) = [p°(x), p°(y)] for all x,y € L. But we have

0% (), 97 ()] = [° (@) + (), 7 (y) + e(y)]
=107(2), P’ ()] + [e(2), e(y)]
= p’([z,y]) + 77 (2, y) =7 (2,y)
= p’([z,y))
and p?([z,y]) = pP([z,y]) if e([z,y]) = 0, i.e., if [L, L] C ker 7. O

Remark 3.3.2. Lemma 3.3.1 tells us that even though A>°/%T* L* is not an L-module under the action
P (), the tensor product A®/>**L* ® F4 is under p° ().

Assumption: From now on, we assume that [L, L] C ker v is satisfied.

3.3.2 Construction and characterization of a square zero differential

We extend the charge gradation (see (3.13)) on cl(L) to ¢(L) by setting cdeg €(Fj) = 0, and then
to s(L) by setting cdeg L = 0. As usual, we denote the charge gradation by adding a superscript
*. These charge gradations induce another Z-grading on their universal enveloping algebras, which
are different from those induced from the quasi-finite Z-grading. At the module level, if we set
cdeg M = cdeg §3 = 0 for a smooth L-module M, and the charge gradation on A/2F9 [* a5 before,
then A>/2T*L* ® § 5 is a Z-graded c(L)-module and M @ A>®/>**L* @ § 4 a Z-graded s(L)-module

under the charge gradations.

Letic : ¢(L) < Ui(e(L))®™ and is : s(L) < Uy (s(L))“"™ be the canonical inclusions.
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Definition 3.3.3. A superderivation D with respect to i, or i, is said to be of charge degree N if

D(c(L)E) C Ur(e(L))y'y" or D(s(L)f) C Ui(s(L))y%'y", respectively. A superderivation D of

¢(L) or of s(L) is said to be of charge degree N if D(c(L)}) C ¢(L), y or D(s(L)%) € s(L)> x.

respectively.

Define an action of L on ¢(L) as follows. For x,y € L,z € L*,
z-uy) = ulwy)), w-e(z') =e(adz(zY), @ e(y) = (29K, @ K=0.
We extend this action to s(L) by letting L act on itself by the adjoint action.

Lemma 3.3.4. The actions of x € L on ¢(L) and s(L) are even derivations of charge degree zero.

Proof. This can be verified by direct calculations, as we know explicitly both the Lie brackets of

¢(L), s(L) and the actions of L on them. They are obviously of charge degree zero. O

Remark 3.3.5. The actions of x on c¢(L) and s(L) induce even derivations of charge degree zero on
Uy (c(L))®™ and Uy (s(L))°™, respectively. The inner derivations [p°(x), -] and [0° (x), -] realize the
actions of x on U1(c(L))*™ and U1(s(L))°™, respectively, by (3.16) and (3.18).

Lemma 3.3.6. Let v € Ui(s(L))™ be a charge degree > 1 element. Then [u,.(x)] = 0 for all
x € Lonlyifu=0.

Proof. As cdegu > 1, if u is not zero, we can write
u = we(ey) +v or u=-¢e(ep)w+v
for some k € Z with w,v € Uy(s(L))*™ and w # 0, such that £(e;) does not appear in w or v, i.e.,
[w, 1(ex)] = [0, 1(ex)] = 0.
Then [u, ¢(e;)] = w # 0 gives a contradiction. O

Lemma 3.3.7. Let D be a superderivation of charge degree > 1 with respect to is : s(L) <
Ui(s(L))™, and suppose that D kills K. Then D is determined by its value on 1(L).

Proof. Since s(L) is generated by L @ «(L) @ e(L*) ® €(Fp), we just need to show that the value
of D on L @ e(L*) @ e(Fj) is determined by its value on ¢(L). Let D’ be another superderivation,
such that D’ kills K and coincide with D on ¢(L). We show that D = D’. Since D — D' is also a

superderivation, we have
(D — D")[u,v] = [(D — D"u,v] + (=1)"PW[u, (D — D')o] (3.19)

for all u,v € s(L), where 1 is the parity of D and D’.
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Note that [s(L),¢(L)] C CK and (D — D')K = (D — D')«(L) = 0. Letu € s(L),v = () € (L)
in (3.19). Then we have

[(D — D')u,(z)] = 0. (3.20)

Ifu € (L), then (D—D")u=0.Ifu € L&e(Fg)He(L*), then note that cdeg (D — D’)u > 1 when
u € L @ e(Fg), and cdeg (D — D")u > 2 when u € e(L*). Since (3.20) holds for all ¢(x) € ¢(L),
Lemma 3.3.6 ensures that (D — D')u = 0,1i.e., D = D" on s(L). O

Remark 3.3.8. An equivalent statement of Lemma 3.3.7 is, given a charge degree > 1 superderivation
with respect to the inclusion i,y : (L) — U1(s(L))*™, we can extend it to be a superderivation of

the same charge degree with respect to the inclusion is : s(L) — Uy (s(L))™ in a unique way.

Recall that 7 () defined by (3.17) is even and satisfies (3.18), in particular, we have

(07 (), ()] = [u(x), 0% (9)] = o[, y]) + e(ly, z]) = 0.

As ((L) is an abelian subalgebra of s(L), the map D : «(L) — Uy (s(L))®™ sending +(z) to 6°(x)
is an odd superderivation of charge degree 1 with respect to i,(z), so it can be extended to be a

superderivation with respect to ¢ in a unique way.

Let
A’ =d’ +) e(ef)e(ei). (3.21)
1€Z
Theorem 3.3.9. The element d° defined by (3.21) is the unique element in Uy(s(L))*°™ of charge
degree 1, such that [d°, ()] = 0°(x) forall x € L, and we have (d°)? = 0.

Proof. By Lemma 3.2.15, we already have [d°, «(x)] = 0°(z), so we only need to show that
> leled)e(er), @)] = e(x).
1€EL

This is obvious for x = ey, hence true for all z € L. The uniqueness is by Lemma 3.3.6.

The operators [(d”)2, ] and [[(d®)?, t(x)], -] are derivations of charge degree 2 and 1, respectively, if
they are non-zero. By Lemma 3.3.7, they are completely determined by their value on «(L). Recall
the calculations in (3.14). Since [L, L] C ker v” and [d®, 1(z)] = 0°(z), we have

0° ([z,y]) — [0° (x),6° ()]

P ([, y)) + [z, 9] — 07 () + 2+ e(x), 0° (v) + y + €(y)]
PP ([z,y

0,

[[(d7)?, ()], u(y)]

([z,9]) — [0°(2), 0" ()] + ¥ (2, y)

for -,y € L. Lemma 3.3.6 then implies that [(d?)2, .(2)] = 0 for all z € L hence (d”)? = 0. O
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Definition 3.3.10. We call the complex (M ® A>/2T*L* ® F,d”) the adjusted Feigin complex with
respect to /3, and its cohomology H, oo/ 2+'( L, B, M) the adjusted semi-infinite cohomology of L with

coefficients in M, with respect to 3.

« 9

Remark 3.3.11. Note that we used a subscript “a” in the adjusted semi-infinite cohomology.

3.3.3 Comparison with ordinary semi-infinite cohomology

Our adjustment sometimes gives nothing new but ordinary semi-infinite cohomology with coefficients
in another module. Assume that p®(z) gives a semi-infinite structure on L, and 3’ € D, oL,
is a 1-cochain' such that 83" # 0 but d3'([L,L],L) = 0, where d8'(z,y) = #'(|z,y]). Then
BB = 9B # 0 and [L,L] C ker 75+5/. We can therefore talk about adjusted semi-infinite
cohomology of L with coefficients in a smooth module M with respect to 3 + /3, which is the
cohomology of the complex (M ® A®/?+* @ F5. g, d°TH).

Recall that
P =S eeled) 5 3 sl eDeleDsef) s +e(3+ )+ Lol
= Peleies + ) + ) - ;_ZEZ:«[ei,ejDe(e:)s(e;):+e<ﬁ>,
and |

(@77 @) = x + B () + e(@) + pP ().
On the other hand, since [e(z), e(y)] = =717 (2, y) = §'([z,y]) and €([z,y]) = 0, we have
@+ B'(x) + (@), y + B'(y) + ()] = [, 9] + B'([z, 9],

that is, M ® §pp is an L-module under the action « + 3'(x) + €(x), and it is smooth. Therefore, we

have the following theorem.

Theorem 3.3.12. Let 3, 3’ be as above. Then

Hgo/2+.(L,ﬁ+ ﬁ/,M) ~ H00/2+0(L,B,M®35+51).

MCours.com

'We require that 3’ € €D, L}, to make sure that in the construction of §s. 4 defined by (3.15), the subalgebra
€(Fs4p/)+ is abelian so everything there still works.
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