Chapter 4

Affine W-algebras associated to
truncated current Lie algebras

In this chapter, we define classical and quantum affine W-algebras associated to truncated current Lie

algebras.

4.1 Vertex algebras and Poisson vertex algebras

For a vector space V/, the vector space of formal Laurant series with coefficients in V' is defined to be

V{z, 274 = {Z vp2" | vy € V} )

neL

It contains the following subspaces

N
V[z]-{Zvnzn\’UHGV,NEZZO}, VI{z]] = Zvnz"\vnev

n=0 n>0

and
V((z)) = {Zvnz" | vp, € Vv, =0forn < 0} .
nez
When V is a vector superspace, an element v(z) = > v,2" € V{[[z,271]] is called homogeneous
if all of the coefficients v,, have the same parity, which is also defined to be the parity of v(z). The
formal differential and the formal residue of v(z) are defined respectively as follows,

0,v(z) == Z nup 2", Res,v(z) := v_;.
nez
Definition 4.1.1. A vertex superalgebra is a quadruple (V,|0),Y, T'), where V is a vector superspace,
|0) € V is an even element called the vacuum vector, Y : V' — End V[[z, 2~ 1]] is a parity-preserving

map sending a to Y (a, 2) := >, oy anz" "}

MCours.com s

called the vertex operator associated to a, and T : V —



V is the map defined by T'a = a_3|0), called the infinitesimal translation operator. These data are

required to satisfy the following axioms for all a,b € V,
(i) Truncation: a,,b = 0 for n > oo,
(ii) Vacuum: T'0) = 0,Y (a, 2)|0)|.=0 = a, i.e., ap|0) = 0 —1a forn > —1,
(iii) Translation covariance: [T, Y (a, z)] = 0,Y (a, 2), i.e., [T, ap] = —nap—1,

(iv) Locality: (z — w)N(@D)[Y (a, 2),Y (b, w)] = 0 for some N (a,b) € Z>y.
We call V' a vertex algebra when V is a purely even vector space.

Here we follow the definition of V. Kac [Kac98], while R. Borcherds [Bor86] originally used the
Jacobi identity instead of the axiom of locality: for £, m,n € Z and u,v € V,

e m
> (1) (z) (tmeivnrs = (=)0 ) =3 ( i > (et n-i &1
i>0 i>0
The equivalence between the Jacobi identity and the axiom of locality can be found in [DSKO06]. From

the Jacobi identity (4.1), one can get the following useful formulas [LL04, Kac17],

commutator formula: [, v,] = Z (m) (Ui V) mtn—is 4.2)
i>0 N\
TZ
skew-symmetry: upmv = (—1)PP ”)Z m‘”“ oy Umit; 4.3)

iterate formula:  (upv), = Z(—l)i <m> <um_ivn+i — (—1)m+p(“)p(”)vm+n_iui) . (4.4

. 1
>0

A vertex superalgebra V' is called commutative if [a,,,b,] = O for all a,b € V and m,n € Z. It
is known that V' is commutative if and only if a, = 0 for all a € V and n > 0. Moreover, if
V' is not commutative, then the number N (a, b) in the axiom of locality is not bounded. Indeed, a
commutative vertex superalgebra is the same thing as a unital commutative associative superalgebra
with a derivation. See [FHL93, LL04, Kac98] for details.

Let V be vertex superalgebra. The A\-bracket of a,b € V is defined to be

)\TL
[axb] = E —anb = Res:e Y (a, 2)b.
n!
n>0

By the truncation axiom, [axb] € V[)] is a polynomial in A with coefficients in V. The A-bracket
satisfies the following properties [Kac17], for all a,b,c € V,

sesquilinearity: [(T'a)\b] = —A[axb], [ax(Th)] = (A + T')[arb], 4.5)
skew-symmetry: [bya] = —(=1)P@PO[q_\ 7], (4.6)
Jacobi identity: [ax[bc]] — (—1)PWPOb,[are]] = [[arb]asucl- 4.7)
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Definition 4.1.2. A Lie conformal superalgebra is a vector superspace R admitting a C[T']-module
structure, where 7" is an indeterminate that acts on R as an even endomorphism, endowed with a
C-bilinear A-bracket [-)-] : R ® R — C[A] ® R, such that (4.5), (4.6) and (4.7) are satisfied.

Let V be a vertex superalgebra and a(z) = Y (a, 2),b(z) = Y (b, z) for a,b € V. The normal ordered
product of a(z) and b(z) is defined to be

 a(2)b(z) = a(2)1b(z) + (~LPOPIb()a(2)

where a(2)4 = Y., ganz " and a(z)_ := > >0 anz~""1. One can show that : a(z)b(z) :=
Y (a—1b, z). The normal ordered product of several vertex operators is defined from right to left, and
we have : a(2)b(z)c(z) :== Y (a_1(b_1c), 2).

The coefficients of Y (a, z) are called the Fourier coefficients or modes of a. The zero mode ay will
play an important role in the sequel. The minus one mode a_ is usually considered as a product in
V. Indeed, : ab := a_1b defines an algebra structure on V', where the vacuum vector |0) plays the role
of unit and 7" plays a role of derivation, i.e., (V,|0),::,T") is a unital differential superalgebra. With

respect to ::, V' is usually neither commutative nor associative, but we have (see [Kac17])

Tn+1 0
_ e . _(_1\p(a)p(d) . - _1\n _
weak-commutativity: : ab: —(—1) :ba : 7;)( 1) nt 1)!anb /T[aAb}d)\, (4.8)
weak-associativity: :ab:c:—:a:bc::
n+1 n+1
S (- B e (e T
= (n+1)! (n+1)!

= < /0 ' d)\a> [bad] : +(—1)P@P®) . < /0 ' d)\b> [axd :.  (4.9)

Remark 4.1.3. Given a polynomial f(\) = Y1, Nv; € V)], where V is a vector space, we define

B n Bi+1_Ai+1
A)d\ = —_—;.
/Af() ; it1

When A, B are operators acting on'V, we write d\ before the element they act on if it is not clear. For

example, in (4.9), T acts on a in the first term and on b in the second term.

The following is a A-bracket version of the definition of vertex superalgebras [DSKO06].

Definition 4.1.4. A vertex superalgebra is a quintuple (V, |0), T, [-x], ::), such that

(i) (V,[-a+], T) is a Lie conformal superalgebra by considering V" as a C[T"]-module,

(i) (V,]0),::,T) is a unital differential superalgebra satisfying (4.8) and (4.9),
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(iii) The product :: and the A-bracket [- -] are related by the non-commutative Wick formula
A
[ax : be ;] =: [axb]e : +(—1)PDP®) - playc] - +/ [[axb]ucldp. (4.10)
0

A Poisson algebra (Definition 1.1.1) is a commutative associative algebra with another Lie bracket
such that the associative multiplication and the Lie bracket satisfy Leibniz’s rule. The notion of a

Poisson vertex superalgebra can be introduced in a similar way.

Definition 4.1.5 ([Li05]). A vertex Lie superalgebra is a triple (V,Y_, D), where V' is a vector super-

space, D is a linear operator D : V' — V and Y_ is a parity-preserving linear map

Y_:V = EndV][z, 27 ']], v Y (v,2) = Z v[n}z_"_l,
n>0
such that up,)v = 0 for n > 0, (Dv),) = —nvj,—y) for u,v € V and n > 0. Moreover, we require

(4.2) and (4.3) to be satisfied for all u,v € V' and m,n € Z>¢ if we replace ay, by af,), etc.

Remark 4.1.6. Note that we use a,, for the Fourier coefficients of the linear map Y in a vertex

superalgebra, and ayy,) for the coefficients of the linear map Y_ in a vertex Lie superalgebra.

Definition 4.1.7. A Poisson vertex superalgebra is a commutative vertex superalgebra (V,]0),Y, T),

with a vertex Lie superalgebra structure (V, Y_, T') such that for all a, b,c € V and n > 0, we have

ap(b-1¢) = (apyb)—1c+ (—1)POPOb_y (ap,c).

Notation: For a Poisson vertex superalgebra (V, |0),Y,Y_, T'), since a,, = O foralla € V andn > 0,
where a,, is the Fourier coefficients of the vertex operator Y (a, z), we denote by a,, = afp] forn > 0,

where ajy,) is the Fourier coefficients of Y_(a, 2).
Note that in a Poisson vertex superalgebra V', (4.8) and (4.9) become

cab = (—1)P@PC®) g . and  ab:ic:=:a:be:,
so (V,::) is both commutative and associative. For a,b € V, we denote by

{axb} = and. 4.11)

n>0

One can show that {-)-} also satisfies (4.5), (4.6) and (4.7), and we have the following equivalent
definition of a Poisson vertex superalgebra [DSKO06].

Definition 4.1.8. A Poisson vertex superalgebra is a quintuple (V, |0), T, {--}, ::) such that

(i) (V,]0),::,T) is a unital associative and commutative differential superalgebra,

(ii) (V,{-a-},T) is a Lie conformal superalgebra,
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(iii) The product :: and the A-bracket {-)-} are related by the commutative Wick formula
{ay : be:} =: {arb}e : +(=1)P@PO)  playe} . (4.12)
Remark 4.1.9. Compared to the \-bracket definition of a vertex superalgebra, we do not have the

integral terms in (4.8), (4.9) and (4.10) for a Poisson vertex superalgebra.

Let V be a vertex superalgebra. The commutator formula (4.2) implies that
[QOa bn] = (a()b)n~ (4.13)

Lemma 4.1.10. Let (V,|0),Y,T) be a vertex superalgebra and d € V satisfying d3 = 0. Then the
ker d
homology H(V,dy) := il

inherits a vertex superalgebra structure from that of V.

Proof. RecallthatY (d,z) =5 ., d,z~""1 and d is the zero mode of d. It is enough to prove that
for all a € ker do, Y(a,2z) = 3, cz anz "' is a well-defined element in End H(V, do)[[z, 2~ ]|,
i.e., a,, preserves both ker dy and im dy. From (4.13), for all b € V', we have

[do, an)b = (doa)nb =0, ie. do(anb) = (—1)PDP@g, (dob). (4.14)
Let u € ker dy and v € im dy with v = dpw. Then (4.14) implies that a,u € ker dy and
anv = a,(dow) = (—1)PDPDdy(a,w) € im dp.
Therefore, Y (a, z) is a well-defined element in End H (V, do)[[2, z~]], for all a € ker dy. O

Remark 4.1.11. H(V,dy) is a Poisson vertex superalgebra if V' is a Poisson vertex superalgebra.

4.2 Non-linear Lie conformal algebras and their universal enveloping

vertex algebras

Definition 4.2.1. A non-linear Lie superalgebra is a vector superspace L, equipped with a parity-
preserving linear map [+, -], L& L — L@ C, where C is defined to be even, such that forall a, b, c € L,
we have [a,b] = —(—1)?(@P(")[p, a] and the Jacobi identity holds:

[a, [b, ] = [[a, 8], ] + (=1)"PO) b, [a, c]]. (4.15)
We assume that [C, L] = 0 in the Jacobi identity. Note that L & C is a Lie superalgebra.

Definition 4.2.2. A non-linear Lie conformal superalgebra is a C[T]-module R, endowed with a
A-bracket [-y-] : R® R — C[\] ® (R @ C), such that (4.5), (4.6) and (4.7) are satisfied.

Remark 4.2.3. In the definition of a non-linear Lie conformal superalgebra, we can understand that
TC = 0 5o that R® C is a Lie conformal superalgebra. We should also understand that [CyR] = 0 in

the Jacobi identity. There is a more general version of a non-linear Lie conformal algebra in [DSK06].

49



Given a non-linear Lie conformal superalgebra R, define a bracket [-,-] : R® R — R ® C by

o (_T)n—Ha _ 0 .
[a,b] := ;(RH)! nb_/T[ AbJdA. (4.16)

Lemma 4.2.4 ([BKO3]). The Lie bracket (4.16) defines a non-linear Lie superalgebra structure on R.

Proof. The bracket is obviously bilinear and takes values in R @& C. We only need to verify skew-

symmetry and the Jacobi identity. We have

0 0 -T
/ [axbldA = —(~1)p@r® / bos—raldA = (—1pP@»®) / (bualdp,
T -T 0
ie., [a,b] = —(—=1)P@P®)[p, q].

For the Jacobi identity, note that

la, b, ] = / OT [a,\ / (;[buc]d,u] )\ = / OT / OAT[aA[ch]]dudA.

Similarly, we have
0
[ / laxbldA, ] du

0
[[axb]uc]ldAdp

A
[[axb]uc]]dpdA

=/,
/,
[.1,
[

\\:\

[[axb] i ac]]dp dA,

T J-A-T
and
b, [0, ]] = (—1)pla® / [ / a,\Cd/\} du
= (—1)Pl@p®) / / (b [axc]]dAdp
T J—pu=T
0,0
= @0 [ b laseliduar
T J-X-T
Now the Jacobi identity (4.15) comes from the Jacobi identity (4.7). ]

The non-linear Lie superalgebra structure on R defined by (4.16) is denoted by Ry ..

Remark 4.2.5. Let (R, [-+], T') be a non-linear Lie conformal superalgebra. Another construction of
Ry is as follows [Kac98]. Let R = (R® C) ® Clt,t™ Y], where t and t=1 are considered as even
elements. Let T =T ® 1 + 1 ® 8;. Define

(@8 Nalbo@ 9) = Xanet) @ (%)

i>0
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and

n

A
(a® Mg =D @@ Hnb®g).
n>0
Then one can show [Kac98] that R is a Lie conformal superalgebra and Lie R = f?/ TR is a Lie

superalgebra with Lie bracket

[a@t™ bt" = (a;b) @t
i>0
Assume that R = (C[T)®@ U) & S, where C[T| ® U is the free part and S the torsion part of R as a
C[T']-module. Then it can be proved that

LieR=U®[t,t NoSet 'oCot! 4.17)

as vector spaces. Let (Lie R)_ be the C-span of the images of a @ t" for a € R and n > 0, and
(Lie R)+ be the C-span of the images of a @ t" for a € R and n < 0. Then both (Lie R)4
are non-linear Lie subalgebras of Lie R (by identifying Ct=! with C). The subalgebra (Lie R)_ is
called the annihilation algebra of R and it plays important roles in the representation theory of R.

The subalgebra (Lie R)y is isomorphic to Rp;. by sending s ® t~1 to s fors € S and u ® t™" to
(_T)nflu

WforuéUananl

Let R be a non-linear Lie conformal superalgebra, and S(R) the symmetric algebra of R. Then S(R)
is naturally a commutative superalgebra. The action of 7" on R can be extended to S(R) by requiring
T(ab) = T(a)b+ aT'(b) for all a,b € S(R). Therefore, S(R) is a unital commutative differential
associative superalgebra hence a commutative vertex superalgebra. Define a A-bracket on S(R) by
letting {--} = [A:] : R X R — S(R) be the A-bracket of R, and then extend it to S(R) x S(R) by
requiring (4.12). Then one can show that these data define a Poisson vertex superalgebra on S(R).

Proposition 4.2.6. Let R be a non-linear Lie conformal superalgebra, and S(R) the symmetric alge-
bra of R. Then there is a Poisson vertex superalgebra structure on S(R), such that {-y-} : R X R —
S(R) is the A-bracket of R.

Let Ry, be the non-linear Lie superalgebra defined by (4.16). The universal enveloping algebra of
Rpe is defined to be U(Rpie) = T(Rrie)/I, where T(Rp;.) is the tensor algebra of Ry, and I is
the two-sided ideal of T'(Rp;.) generated by a ® b — (—1)P(@P®)p @ ¢ — [a, b] for all a,b € R.

Proposition 4.2.7 ((BKO3]). Let R be a non-linear Lie conformal superalgebra. Then the universal
enveloping algebra U(Ry;e) of Rric has a vertex superalgebra structure, where the \-bracket on
Rpie X Rpe is the A-bracket of R, and the product :: on Rp;e X U(Rp;e) is the product of U(RL;e).

Proof. The unit element of U(Rp;.) plays the role of the vacuum vector. The A-bracket and the
product :: can be extended to U (Rp;.) by (4.9) and (4.10) in a unique way. ]
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Definition 4.2.8. The vertex superalgebra U (R ;) is called the universal enveloping vertex superal-
gebra of R, and is usually denoted by V(R).

Remark 4.2.9. Like the universal enveloping algebra of a Lie algebra, V (R) has the following uni-
versal property: (1) The natural inclusion v : R ® C — V(R), while C — C|0), is a Lie conformal
superalgebra homomorphism; (2) Let V' be a vertex superalgebra and ¢ : R ® C — V a Lie con-
formal superalgebra homomorphism with C — C|0). Then there exists a unique vertex superalgebra
homomophism 1 : V(R) — V such that ¥ o 1 = .

V(R)

|
/ | e
y

R-—2 .V

Let L be a non-linear Lie superalgebra with an invariant supersymmetric bilinear form (- | -). Let
k€ Cand Cur® L := C[T] ® L. Set

[axb] := [a,b] + Ak(a | b) fora,be L. (4.18)
Lemma 4.2.10. There is a unique non-linear Lie conformal superalgebra structure on Cur® L satis-

fying (4.18).

Proof. Once the A-bracket is well-defined for all a,b € L, it extends uniquely to a A-bracket on
Cur® L by (4.5). Skew-symmetry of [-5-] comes from the skew-symmetry of the Lie bracket [-, -] and
the supersymmetry of (- | -). The Jacobi identity of [-)-] comes from the Jacobi identity of [-,-]. [

Let A be a finite-dimensional vector superspace and (-,-) a non-degenerate skew-supersymmetric
bilinear form on A. Let R(A) := C[T] ® A and define

[axb] := (a,b) fora,be A. (4.19)
Lemma 4.2.11. There is a unique non-linear Lie conformal superalgebra structure on R(A) satisfy-

ing (4.19).

Proof. Once the \-bracket for all a,b € A are well-defined, it extends uniquely to a A-bracket on
R(A) by (4.5). Skew-symmetry of [-5-] comes from the skew-symmetry of (-, -). The Jacobi identity
is trivial since we assume that [CyR] = 0 in all non-linear Lie conformal superalgebras. O

Now let us consider the universal enveloping vertex superalgebras of Cur® L and R(A).

Example 4.2.12. Let g be a Lie algebra with a non-degenerate invariant symmetric bilinear form
(- | -). The Kac-Moody affinization of g is the Lie algebra

g=(g®C[t,t7!]) ®CK
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with Lie bracket:
[at™, bt"] = [a, b]tm+n + mbm,—n(a|b)K, [K, g]=0.

Let g+ = (g ® C[t]) ® CK, which is a subalgebra of g. Define a one-dimensional module Cj, of g4
on which g ® CJt] acts as zero and K acts as the constant k. The level k vacuum representation of g
is the induced module

VF(g) := Indg+ Ck.

It is isomorphic to U (g ® ¢t~*C[t!]) as a vector space. There is a unique vertex algebra structure on
V*(g) with the vacuum vector being the identity 1 and a(z) := Y (at™*,z) = 3, ., (at™)z="! for

all a € g. It is called the universal affine vertex algebra of level k associated to g.

Remark 4.2.13. Note that Lie Cur® g = § by considering k @ t—' as K, where k @ t~' is defined
by (4.17). We have (Lie Cur® g)_ = g, and (Lie Cur* g), = g ® t 'C[t~!]. Since (Cur” g) ;e =
(Lie Cur® g) 1, we have V*(g) = U((Cur® g) i) as vector spaces. Comparing \-brackets of V*(g)

and U((Cur® g) 1), one can see that they are isomorphic as vertex algebras.

Example 4.2.14. Let A be a finite-dimensional vector superspace and (-, -) be a non-degenerate skew-
supersymmetric bilinear form on A. The Clifford affinization of A is the Lie superalgebra A=
(A® CJt,t!]) @ CK with Lie bracket:

[at™, bt"] = (a,b)0m. w1 K,  [K,A]=0.
Let A, = (A® C[t]) & CK, which is an abelian subalgebra of A. Let C be the one-dimensional rep-
resentation of /TJF, on which A ® C[t] acts as zero and K acts as the identity. The Fock representation

of A is the induced module
. 1:4'\\
F(A) = IndA+ C.

It is isomorphic to U (A®t~'C[t~!]) as a vector space. There is a unique vertex superalgebra structure
on F(A) with the vacuum vector being the identity 1 and a(z) := Y(at™1,z) = >, 5 (at™) 2"

for a € A. Itis called the vertex superalgebra of fermions associated to A and (-, -).

Remark 4.2.15. As in Remark 4.2.13, we have F(A) = U(R(A) ;). Indeed, we have Lie R(A) = A
by considering 10t~ as K, where 12t~ is defined in (4.17). Moreover, we have (Lie R(A))_ = A\_i_
and (Lie R(A)) 1 = A®tI1C[t™Y]. Since R(A)Lie = (Lie R(A))4, we have F(A) = U(R(A) L)

as vector spaces. Comparing their A-brackets shows that they are isomorphic as vertex superalgebras.

Here are two examples.

Example 4.2.16. Let A" be a finite-dimensional vector space and (-, -) be a non-degenerate skew-
symmetric bilinear form on A™. By Lemma 4.2.11, we have a non-linear Lie conformal algebra
R(A™). By Example 4.2.14, we have its universal enveloping vertex algebra F'( A"¢), which is called

the vertex algebra of neutral fermions associated to A" and (-, ).
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Example 4.2.17. Let V' be a finite-dimensional vector space and V* be its dual. Let ¢(V') and e(V*)
be copies of V' and V*, respectively, but considered as purely odd spaces. For v € V and u* € V*,
let +(v) and £(u*) be the corresponding elements in +(V') and e(V*). Let A" = (V) @ e(V*), and
endow A" with a non-degenerate skew-supersymmetric bilinear form (-, -) by setting (¢(V'), (V) =
(e(V*),e(V*)) = 0 and (t(v),e(u*)) = (e(u*),e(v)) = u*(v) for all v € V,u* € V*. By
Lemma 4.2.11, we have a non-linear Lie conformal superalgebra R(A"). By Example 4.2.14, we
have its universal enveloping vertex superalgebra F'(A°"), which is called the vertex superalgebra of

charged superfermions associated to A",

4.3 Affine W-algebras associated to truncated current Lie algebras

Now let us come back to the basic setting of Chapter 2. Let g be a finite-dimensional semi-simple
Lie algebra over C with a non-degenerate invariant symmetric bilinear form (- | -). Let g,, be the level
p truncated current Lie algebra associated to g and (- | -),, a fixed non-degenerate invariant bilinear
form on g,,. LetI' : g adhr @,z 9(i) be a good Z-grading of g with a good element e € g(2), and

{e, f,h} an sly-triple with h € g(0) and f € g(—2). Let

0p = EP op(i), where g, (i) = {y € g, | [hr,y] = iy} = g(i), (4.20)

1EL
be the corresponding good Z-grading of g,, with the same good element e. By Lemma 2.2.5, the
bilinear form (-, -),, on g,(—1) defined by (a, b),, = (e | [a, b]), for a,b € g,(—1) is non-degenerate.

Let A7¢ = €(gp(—1)) be a copy of g,(—1). For z € g,(—1), let €(x) be the corresponding element
of A3¢. More generally, for = € g,, we write €(z) = e(z_1), where z = }_; z; and z; € g,(i).
The form (€(), €(y))p = (z,y)p is skew-symmetric and non-degenerate on A7¢. By Lemma 4.2.11
and Example 4.2.16, we have a non-linear Lie conformal algebra R(A;¢) and its universal enveloping
vertex algebra F'(A;¢).

Let n, = D, 9p(j) and nj be the dual of ny,. Let ¢(ny) and £(ny) be copies of n;, and ny, re-
spectively, but considered as purely odd spaces. For u € n, and v* € ny, let t(u) and £(v*) be the
corresponding elements of +(n,) and (n), respectively. Let A" = ¢(n,) ® e(n}). By Lemma 4.2.11
and Example 4.2.17 we have a non-linear Lie conformal superalgebra R(Agh) and its universal en-

veloping vertex superalgebra F(Af,h).

For g, and the bilinear form (- | -),, we have the non-linear Lie conformal algebra Cur*g, by

Lemma 4.2.10 and its universal enveloping vertex algebra V¥ (gp) by Example 4.2.12.

Let us choose a basis {ua}aes,f; of g,(j) for each j. Let S, = ;- Sp and S}, = S,'. Then
{ua}aesp— forms a basis of ny, and {€(ua)}acs; forms a basis of Aj¢. Let {uj;}aesp_ be the dual
basis of ny, with (uf,,ug) = da,p. Then {L(uqa)}

acs; and {5(“Z>}aesg form dual bases of ¢(n;)

and e(ny), respectively. Let {cf ;} be the structure constants of g, with respect to the basis {u;}, i.e.,

(i, uj] =>4 cﬁjuk.
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4.3.1 Classical affine W-algebras through classical Drinfeld-Sokolov reduction
Let
(g, €) = Curt g, & R(AS") @ R(4)%) = C[T) @ (g, ® A" & A7)
be the direct sum of three non-linear Lie conformal superalgebras and S(R¥(g,,e)) its symmetric

algebra. By Proposition 4.2.6, S(R¥(g,, €)) has a Poisson vertex superalgebra structure.

Let

1

& =" e(uf) (ui + (e | wi)p + e(us)) — 3 D sy w])e(uf)e(us).
ieSy i,j€Sy

Obviously, d? € S(R*(g,, e)) is an odd element.

Lemma 4.3.1. We have the following formulas for the \-bracket of dP in S(R*(g,, e)),

(D) {dPre} = 3ic- (lui, @] + k(@ [ w)p(A + T))e(uf)  forz € gy
(2) {CZPAE(?J)} = Eiesp— (e | [ui,y])pe(ui) fory € gp(=1);
(3) {dPre(v)} = =3 22, jesy (V" lui, ujle(u)e(uf)  forv* € ny;

(4) {dPyi(u)} = Zz‘,jesp‘ (uf,u) (L([uz,u]])s(u;‘) +u; + (e | ui)p + e(ul)) foru € ny,.
Proof. Let X (u;) = u; + (e | u;)p + €(u;) and write dP = dP! + dP»2, where

P =Y ()X (u;) and @2 = —% > lluiug)e(w)e(u)).

€Sy ijeSy
Instead of calculating {d” -}, we will calculate {-\dP} and then use skew-symmetry to get the formu-
las for {d”-}. Our calculations are based on (4.12).

We have {a\b} = 0 if a,b come from different summands of R¥(g,,e). In particular, {z\dP?} =
{e(y)rdP?} =0 forall v € g, and y € g,(—1). By (4.12), we have

{aad’} = {axd™'} = > e(up){maX (w)y = Y e(wf) [z, wl + Me( | wi)p) (4.21)
i€y i€y
and
{ewnd’} = {ewnd”'} = Y e {eh X (@)} = D _ (e [y, u)pe(uf). (4.22)
i€Sy i€Sy
We obviously have {e(v*),d'} = 0, so

NP} = 5 3 @il us)elud)eed) = —5 37 {0 fuewgl)e(ude(us).
i,jES, i,jES,

4.23)
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Finally, since {¢(u),X (u;)} = 0, we have

(rd”'} = > {u(u)re@)}IX (wi) = > (uf, u) X (us), (4.24)
1€S, i€S,
and
B = 5 S s ugud o) — 5 S ol ug])elosd) )
i,jES, i,jES,
= > (uf, wye(fus, ug)e(ul). (4.25)
i,jESy

Applying skew-symmetry to (4.21), (4.22), (4.23) and (4.24)+(4.25), we get the desired formulas for
{d?5-} in S(R*(gy, e)). O

Before stating the following proposition, let us recall that in a (Poisson) vertex superalgebra, if v is an
odd element and satisfies {vyv} = 0, then (v)? = 0. Indeed, {vyv} = 0 implies that vov = 0. But
2(’[)0)2 = VgVg + VoVy = [1)0,1)0] = (Uo’U)o = 0 by (4.13).

Proposition 4.3.2. We have {dP\dP} = 0 hence (d})? = 0.

Proof. Recall that X (u;) = u; + (e | u;)p + €(u;) and {cic ;} are the structure constants of g, with
respect to the basis {u; }. Using (4.12) and the formulas in Lemma 4.3.1, we have

{@Ad'} = {dre(up)}X (ue) = Y e(ui){dsX (ui)}

tesSy €Sy
1 . o ) *
=3 Z (ug, [wi, wsl)e(ui)e(uy) X (ue) — Z e(uy ) ([ug, ui) + Me(ug | uj)p)e(u])
ij,beSy ijesy
= D7 el [ug ulp)e()
1,J€Sp
1 * * * *
= =5 2 cee)X () + Y ejelude(u) s + (e | ur)y)
i,j,EGSE i,j,ZES;
1 . .
9 Z Cf,jg(ui)g(uj)X(ué)-
i,5,0€Sy

In the above calculations, we used the fact that (u; | u;), = 0 for i, j € S, . Moreover, when cf, ;70

andi,j € S, , we have uy € P, _, g(7), hence e(ug) = 0 and X (up) = u + (e | ur)p-

56



For the other part, we have {dP\dP?} = A + B + C, where

A= S Bl ) e()e(os),

ijE€Sy
B=3 3w u ) Betud)e(w),
i,J€Sp
C=—3 3 s e Beu)}.
i,jESy

By the formulas in Lemma 4.3.1, we have

1 . . . )
i’jas7t€S;
_ 1 S V4 * « "
) Z Cij (Cs,tb(ue)ff(ut) + X(us)) e(uy)e(uj)
i7j787t7£eS;
1 ; PR s o
73 Yo e caarlug)e(ui)e(uf)e(uf) - 5 N7 e X (ug)e(u) e (u).
1,5,8,t,LESy ij,s€ S

By the formulas in Lemma 4.3.1, £(u}) and {d? \e(u})} commute with each other, so

BrC= Y lusu){Belui)je(w))
i,jES,
=0 3l g s, el ()
1,4,5,t€Sy

1

)
=5 Dk gelun)e(ub)e(up)e(us),
0,5,5,t,0€ Sy

Now it is clear that
1 * *
A+B+C=—3 e X (uge(up e (u).
1,5,8€Sy
Hence we have {d”,dP} = 0 and (d5)? = 0.
O

Definition 4.3.3. The classical affine W-algebra W*(g,, €) associated to the data (gy, e, k) is defined
to be the homology H (S(R*(gp, €)), dp). It inherits a Poisson vertex superalgebra structure from that
of S(R*(gy, €)).

Remark 4.3.4. Classical affine W-algebras (p = 0 and e regular case) were first discovered by Drin-
feld and Sokolov [DS84]. They were used to construct hierarchies on some infinite-dimensional Pois-
son manifolds. P. Casati [Casll] generalized Drinfeld and Sokolov’s method and constructed hierar-

chies on affinizations of truncated current Lie algebras. The authors of [DSKV13] constructed more
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general integrable hierarchies corresponding to other classical affine W-algebras (p = 0 case). The
classicial affine W-algebra Wk(gp, e) might be used to construct integrable hierarchies on Drinfeld-

Sokolov reductions of affinizations of truncated current Lie algebras.

4.3.2 Quantum affine W-algebras as quantum Drinfeld-Sokolov reductions

Let C*(g,, e) :== VE(g,) ® F(Agh) ® F'(A}°) be the tensor product of the three vertex superalgebras,
which is again a vertex superalgebra and contains V*(g,), F (Agh) and F'(A}¢) as vertex subalgebras.

Indeed, C*(g,, €) can also be considered as the universal enveloping vertex superalgebra of R*(g,,, e).

Let
&P = e(uf)(ui + e(u;) + (e | ui)p) - % > u([wiyug)e(up)e(uf) ;. (4.26)
ieSy i,jESy
The element d? € C*(g,, e) is obviously odd. Define a charge grading on C*(g,, ¢) by setting
cdeg VF(g,) = cdeg F(A}¢) =0, —cdegi(u) = cdege(v*) =1for u € ny,v* € n,.
Then it induces a Z-grading on C*( gp, €) and dP is of charge degree 1.

Lemma 4.3.5. We have the following formulas for the \-bracket of dP in C*( Ops €),

(1) [dPyz] = zies;([ui,x] +k(z | wi)p A+ T))e(u)) forx € gp,

(2) [dPxe()] = sy (€| [uiyl)pe(ui)  fory € gp(=1);

(3) [dPre(")] = =5 X jess (07, [, wyl)e(uf)e(w)) - for v* € ny;

(4) [Prw)] = X ey (i) (ol w])e(w) : +ui + (e | w)y + e(wi))  foru € ny,
Proof. The proof is the same as that of Lemma 4.3.1, except that we have (4.10) instead of (4.12). But
we only need to notice two facts. First, the elements of R*(g,,, ¢) have same A-bracket in C*(g,,, €)

and in S(R*(gp, e)). Second, the extra term in (4.10) always vanishes in the calculations that we did

in the proof of Lemma 4.3.1. Therefore, we have the same result in the end. O
Proposition 4.3.6. We have [dP \dP] = 0, which implies that (d5)* = 0 as dP is odd.

Proof. The proof is the same as that of Proposition 4.3.2 for the same reason as in the proof of
Lemma 4.3.5. O

Definition 4.3.7. The quantum affine W-algebra W*(g,,, ) associated to the data (gy, e, k) is defined
to be the cohomology of the complex (C*(gy, €), db).

Remark 4.3.8. When p = 0, the complex (C* (g, e), dp) is called the BRST complex of the quantum
Drinfeld-Sokolov reduction.
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4.3.3 Quantum affine W-algebra as (adjusted) semi-infinite cohomology

Let fi, = n, ® C[t,t"!] be the affinization of n, with the Z-grading: (fi,); = n, ® t'. Denote by

Uip = u; ®t" for u; € ny. Then {uiﬁn}nezz‘es* forms a basis of fi,. Let iy := n; ® C[t,t~'] and
> P
write v}, = uf ®t". Then {v] .}, 7 ;e s, forms a basis of n;. One can identify n; with the restricted

dual of fi,, under the pairing (v, uin) = dm,—n—10; j, and we define (f,); = ns @ i,

As n,, is nilpotent, by Proposition 3.2.13, 11, admits a semi-infinite structure through

Pz) = Z su(ad 2 (uin))e(ui —poq) : -
1€S, ,nEL
Let 3. € nj be defined by Be(u ® t") := 5 —1(e | u), for u € ny. Then B € (n7)-1. Let
pP(z) := p°(z) + Be(x) for z € fi,,. Then for z,y € #,,

Voe(a,y) = [p™ (), P ()] = p% ([2,9]) = —Be([z,y]).

Therefore, p’ (z) gives a semi-infinite structure on #,, if and only if S, ([z,y]) = 0 for all z,y € n,,

which is true if and only if the Z-grading (4.20) is even.

Letm, = @, 5 0,(i), 0, = m, ®C[t,t" ] and g,(—1) = g,(—1) ® C[t, t~!]. Note that ker 77 =
m,,, and gp(—i) is a graded complement of ker v in i, Moreover, we have [fi,, fi,] C 1, so
the Lie algebra n, satisfies the assumption after Remark 3.3.2 with respect to the 1-cochain f. in
the discussion of adjusted semi-infinite cohomology. We can thus consider the adjusted semi-infinite
cohomology of fi, with coefficients in the smooth module V*(g,,), with respect to 3. The complex is
VF(gp) ® A/3*0% @ Fs, and the differential is

1
@ = 3 el ) =5 D el wie(ul e )
i€S, ,nEL i,j€S, ,
nmeZ

+e(Be)+ Y el _py)e(uin).

1€S,,NEL

Recall the Lie (super)algebra structures on cl(fi,) and €(g,(—1)) & CK defined in Chapter 3. Note
that A>/2+ *n; and Fp, are the Fock representations of cl(fi,) and €(g,(—1)) © CK, respectively.
Since cl(fi,) = A" and €(g,(—1)) @& CK = A"¢, we have F(ASh) = A%/2*i* and F(A"°) = §j,
as vector spaces. Therefore, on the complex level, we have C*(g,, ¢) = V¥(g,) ® A>/ 2+'ﬁ; ® FB.-
On the level of differential, d5 = Res,dP(z) is the coefficient of 2~ in the expression of dP(z), where

dP(z) is the vertex operator of dP defined by (4.26) and has the following form,

P(z) =) ui(2)e(uf)(z) - % > u([uiug]) (2)e(wf) (2)e(u))(2) :
€Sy i,jESy
+ 3 (e Ju)e(ui)(2) + Y e(uf) (2)e(us)(2).
€Sy (S
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Recall the expressions of the vertex operators u;(z), e(u}

“)(2), t(u;)(z) and €(u;)(z) given in the ex-
amples (4.2.12) and (4.2.14). We have

Res, g u;i(2)e(u;)(z) = Res, g 1Lz~7ne€(u;f‘m)z*”*m*2 = g ui,ns(u;,n,l),
€Sy €Sy, i€Sy ez
m,ne”z

Res; ) (e|ui)e(uf)(2) =Res: D (eluipe(ui,)z "t =) (e|u)pe(uip) = e(Be),

i€S, i€S, neZ i€S,
and
Res, Y e(u)(2)e(ui)(2) =Res; Y e(ul,)e(uin)z " " 2= Y e(uf _, 1)e(uin).

ies!, €Sy, €S, e
m,neL

Let X = ZMGS; s e([ui, ug]) (2)e(uy) (2)e(u})(2) = Then

Res.X = Res. S e[, 5] @ t)e(ul _p1)e(t] ) : 27 F7=4
27.]631)_7
n,mJlEZ

= Z : L([uiﬂ”wuﬁm])g(uz—n—l)g(u;,—m—l) s
i,j€Sp ,
n,me”L

Therefore, we have df, = dP. This proves the following theorem.

Theorem 4.3.9 ((Hel7a)). The affine W-algebra W* (gp, €) is the adjusted semi-infinite cohomology
of n, with coefficients in vk (gp) with respect to .. By Proposition 3.3.12, it is also an ordinary

semi-infinite cohomology, i.e.,
Wk(gpu e) = H§°/2+‘(ﬁp’567 Vk(gp)) = Hm/2+.(ﬁpv Vk(gp) ® §s.)

Remark 4.3.10. When the Z-grading in (4.20) is even and p = 0, i.e., when pPe gives a semi-infinite
structure on W, the Fock representation §g, reduces to a one-dimensional module Cg_ on which
x € Ny, acts as Be(x). This recovers the semi-infinite cohomology realization of affine W-algebras in

principal nilpotent cases [FF90].

Remark 4.3.11. When p = 0, the isomorphism W* (g, e) = H>/?**(f,,, V*(g,) ® Fp,) was also
observed in [Ara05] (Remark 3.6.1), though the construction there was a bit different from ours.

MCours.com
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