FULL-SPACE IMPEDANCE LAPLACE PROBLEM

D.1 Introduction

In this appendix we study the perturbed full-space or free-space impedance Laplace
problem, also known as the exterior impedance Laplace problem in 3D, using integral
equation techniques and the boundary element method.

We consider the problem of the Laplace equation in three dimensions on the exterior
of a bounded obstacle with an impedance boundary condition. The perturbed full-space
impedance Laplace problem is not strictly speaking a wave scattering problem, but it can be
regarded as a limit case of such a problem when the frequency tends towards zero (vid. Ap-
pendix E). It can be also regarded as a surface wave problem around a bounded three-
dimensional obstacle. The two-dimensional problem has been already treated thoroughly
in Appendix B.

For the problem treated herein we follow mainly Nédélec (1977, 1979, 2001) and
Raviart (1991). Further related books and doctorate theses are Chen & Zhou (1992),
Evans (1998), Giroire (1987), Hsiao & Wendland (2008), Johnson (1987), Kellogg (1929),
Kress (1989), Rjasanow & Steinbach (2007), and Steinbach (2008). Some articles that deal
specifically with the Laplace equation with an impedance boundary condition are Ahner &
Wiener (1991), Lanzani & Shen (2004), and Medkova (1998). The mixed boundary-value
problem is treated by Wendland, Stephan & Hsiao (1979). Interesting theoretical details on
transmission problems can be found in Costabel & Stephan (1985). The boundary element
calculations can be found in Bendali & Devys (1986). The use of cracked domains is stud-
ied by Medkova & Krutitskii (2005), and the inverse problem by Fasino & Inglese (1999)
and Lin & Fang (2005). Applications of the Laplace problem can be found, among others,
for electrostatics (Jackson 1999), for conductivity in biomedical imaging (Ammari 2008),
and for incompressible three-dimensional potential flows (Spurk 1997).

The Laplace equation does not allow the propagation of volume waves inside the con-
sidered domain, but the addition of an impedance boundary condition permits the prop-
agation of surface waves along the boundary of the obstacle. The main difficulty in the
numerical treatment and resolution of our problem is the fact that the exterior domain is
unbounded. We solve it therefore with integral equation techniques and the boundary ele-
ment method, which require the knowledge of the Green’s function.

This appendix is structured in 13 sections, including this introduction. The differential
problem of the Laplace equation in a three-dimensional exterior domain with an impedance
boundary condition is presented in Section D.2. The Green’s function and its far-field
expression are computed respectively in Sections D.3 and D.4. Extending the differential
problem towards a transmission problem, as done in Section D.5, allows its resolution by
using integral equation techniques, which is discussed in Section D.6. These techniques
allow also to represent the far field of the solution, as shown in Section D.7. A particular
problem that takes as domain the exterior of a sphere is solved analytically in Section D.8.
The appropriate function spaces and some existence and uniqueness results for the solution
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of the problem are presented in Section D.9. By means of the variational formulation
developed in Section D.10, the obtained integral equation is discretized using the boundary
element method, which is described in Section D.11. The boundary element calculations
required to build the matrix of the linear system resulting from the numerical discretization
are explained in Section D.12. Finally, in Section D.13 a benchmark problem based on the
exterior sphere problem is solved numerically.

D.2 Direct perturbation problem

We consider an exterior open and connected domain €}, C R? that lies outside a
bounded obstacle €2; and whose boundary I' = 99, = 99, is regular (e.g., of class C?),
as shown in Figure D.1. As a perturbation problem, we decompose the total field up
as ur = uw + u, where uy represents the known field without obstacle, and where «
denotes the perturbed field due its presence, which has bounded energy. The direct pertur-
bation problem of interest is to find the perturbed field w that satisfies the Laplace equation
in )., an impedance boundary condition on I', and a decaying condition at infinity. We con-
sider that the origin is located in €2; and that the unit normal 7 is taken always outwardly
oriented of €., i.e., pointing inwards of €);.

FIGURE D.1. Perturbed full-space impedance Laplace problem domain.

The total field uy satisfies the Laplace equation
Aupr =0 in 2, (D.1)

which is also satisfied by the fields uy, and wu, due linearity. For the perturbed field u we
take also the inhomogeneous impedance boundary condition

- @ + Zu=f, on I, (D.2)

on
where 7 is the impedance on the boundary, and where the impedance data function f, is
assumed to be known. If Z = 0 or Z = oo, then we retrieve respectively the classical
Neumann or Dirichlet boundary conditions. In general, we consider a complex-valued
impedance Z(x) depending on the position x. The function f,(x) may depend on Z

and u,,, but is independent of w.
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The Laplace equation (D.1) admits different kinds of non-trivial solutions wuy,, when
we consider the domain (), as the unperturbed full-space R®. One kind of solutions are
the harmonic polynomials in R3. There exist likewise other harmonic non-polynomial
functions that satisfy the Laplace equation in R?, but which have a bigger growth at infinity
than any polynomial, e.g., the exponential functions

uw (x) = e*®, where a € C* and a3 + a5 + a3 = 0. (D.3)

Any such function can be taken as the known field without perturbation wy,, which holds
in particular for all the constant and linear functions in R?,

For the perturbed field u in the exterior domain €., though, these functions represent
undesired non-physical solutions, which have to be avoided in order to ensure uniqueness
of the solution u. To eliminate them, it suffices to impose for u an asymptotic decaying
behavior at infinity that excludes the polynomials. This decaying condition involves finite
energy throughout {2, and can be interpreted as an additional boundary condition at infinity.
In our case it is given, for a great value of |x|, by

1 1
u(x) = (9(—) and Vu(x)| = (’)(—) (D.4)
x| |2
It can be expressed equivalently, for some constants C' > 0, by
C C
lu(x)| < — and Vu(z)| < —5 as |x| — oo. (D.5)
x| ||
In fact, the decaying condition can be even stated as
1 1
u(x) = O(|w|a> and Vu(x)| = O(W) for 0<a <1, (D.6)
or as the more weaker and general formulation
. \UP : 2
}%1_{1;0 . B dy=0 and }%I_IEO . |Vul“dy =0, (D.7)

where S = {x € R® : |z| = R} is the sphere of radius R and where the boundary
differential element in spherical coordinates is given by dy = R*sin 6 df de.

The perturbed full-space impedance Laplace problem can be finally stated as

( Find u : Q. — C such that
Au = in €,
0
% +Zu=f, on [’
on (D.8)
@) < o as [z] — o,
C
Vu(z)| < —7 as |x| — oo.
( ||
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D.3 Green’s function

The Green’s function represents the response of the unperturbed system (without an
obstacle) to a Dirac mass. It corresponds to a function G, which depends on a fixed source
point € R? and an observation point y € R?. The Green’s function is computed in the
sense of distributions for the variable y in the full-space R?® by placing at the right-hand
side of the Laplace equation a Dirac mass d,, centered at the point . It is therefore a
solution G(z, -) : R3 — C for the radiation problem of a point source, namely

A,G(z,y) =6.(y)  in D'(R?). (D.9)
Due to the radial symmetry of the problem (D.9), it is natural to look for solutions in

the form G = G(r), where r = |y — x|. By considering only the radial component, the
Laplace equation in R? becomes

1d/,d¢G
- ) = ) D.1
TQdT(T dr) 0 r=>0 (D.10)
The general solution of (D.10) is of the form
C
G(r) = — + (s, (D.11)
T

for some constants C'; and C5. The choice of C} is arbitrary, while (' is fixed by the pres-
ence of the Dirac mass in (D.9). To determine C', we have to perform thus a computation
in the sense of distributions (cf. Gel’fand & Shilov 1964), using the fact that GG is harmonic
for r # 0. For a test function ¢ € D(R?), we have by definition that

(A,G.0) = (G, Ag) = /

R3

GApdy = lir% G Apdy. (D.12)

r>e

We apply here Green’s second integral theorem (A.613), choosing as bounded domain the
spherical shell ¢ < r < a, where a is large enough so that the test function ¢(y), of
bounded support, vanishes identically for » > a. Then

/ GAgody:/ Angody—/ G8—¢d7+/ %god’y, (D.13)
r>e r>e 87” r=e aTy

r=¢&

where dr is the line element on the sphere » = . Now
/ AyGpdy =0, (D.14)
r>e

since outside the ball r < ¢ the function G is harmonic. As for the other terms, by replac-
ing (D.11), we obtain that

dp . (Cy dp .
/T—aGEd’V— (?"‘CQ) /T_SEd’}/—O(é‘), (D15)
and 56 o
/ 5, vdy= —— | pdy=—47C1S.(p), (D.16)
r=e Ty € r=e
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where S.(¢) is the mean value of ¢(y) on the sphere of radius € and centered at «. In the
limit as € — 0, we obtain that S.(p) — ¢(x), so that

(AyG, @) = lim GApdy = —4nCrp(x) = —47C1 0z, ©). (D.17)

e—0 r>e
Thus if C; = —1/4m, then (D.9) is fulfilled. When we consider not only radial solutions,
then the general solution of (D.9) is given by

Gz, y) = + oz, y), (D.18)

x|y —
where ¢(z,y) is any harmonic function in the variable y, i.e., such that Ay¢ = 0 in R?,
e.g., an harmonic polynomial in R? or a function of the form of (D.3).

If we impose additionally, for a fixed @, the asymptotic decaying condition
1
%G| =0 (o
Yl
then we eliminate any polynomial (or bigger) growth at infinity, including constant and
logarithmic growth. The Green’s function satisfying (D.9) and (D.19) is finally given by

) as |y| — oo, (D.19)

1
G = D.20
being its gradient
vGlzy) = 2T (D.21)
€T = . .
YT iy = af
We can likewise define a gradient with respect to the x variable by
r—y
VG, y) = —/———, D.22
and a double-gradient matrix by
1 3 -y @ (x —y)
VeVyG(x,y) = — , D.23
V@Y = e P dr|@ — y° -

where I denotes a 3 x 3 identity matrix and where ® denotes the dyadic or outer product
of two vectors, which results in a matrix and is defined in (A.572).

We note that the Green’s function (D.20) is symmetric in the sense that

G(x,y) = G(y, x), (D.24)
and it fulfills similarly
and
VeV Gz, y) = Vi VolG(z,y) = VLV,G(y, ) = V,,V,.G(y, x). (D.26)

D.4 Far field of the Green’s function

The far field of the Green’s function describes its asymptotic behavior at infinity, i.e.,
when || — oo and assuming that y is fixed. For this purpose, we search the terms of
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highest order at infinity by expanding with respect to the variable x the expressions

2¢ -y |yl
oy =laP (12220 4 2, 0.27)
. 1
@ —y| = |a| (1 - —‘Tx";’ +0 (W)) (D.28)
1 1 . 1
:-(1+w 3+0(—2)) (D.29)
lz—yl |z || k4

We express the point & as @ = |x|&, being & a unitary vector. The far field of the Green’s
function, as || — oo, is thus given by

1 Y-

GY = — - : D.30
e v T e pa (D-30)
Similarly, as |x| — oo, we have for its gradient with respect to y, that
GIf ___r D.31
Vy (m7y) 47T|w’2’ ( )
for its gradient with respect to x, that
T
V.G (x,y) = ——, D.32
and for its double-gradient matrix, that
I 3(z® )
V,V,G (x,y) = — . D.33
WO @ y) =~ e TP (D-33)

D.5 Transmission problem

We are interested in expressing the solution u of the direct perturbation problem (D.8)
by means of an integral representation formula over the boundary I'. To study this kind of
representations, the differential problem defined on ). is extended as a transmission prob-
lem defined now on the whole space R? by combining (D.8) with a corresponding interior
problem defined on ;. For the transmission problem, which specifies jump conditions
over the boundary I', a general integral representation can be developed, and the partic-
ular integral representations of interest are then established by the specific choice of the
corresponding interior problem.

A transmission problem is then a differential problem for which the jump conditions
of the solution field, rather than boundary conditions, are specified on the boundary I'. As
shown in Figure D.1, we consider the exterior domain €2, and the interior domain 2;, taking
the unit normal 72 pointing towards €2;. We search now a solution u defined in €2, U €2;, and
use the notation u, = u|q, and u; = u|q,. We define the jumps of the traces of u on both
sides of the boundary I as

[u] = ue — and

ou ou, Ou;
[a_n] =5 (D.34)

470



The transmission problem is now given by

Find v : Q. U Q; — C such that
Au=0 in Q.UQ,,
= on T, (D.35)
ou
{8_71] =V on I,
+ Decaying condition as |x| — oo,

where p, v : ' — C are known functions. The decaying condition is still (D.5), and it is
required to ensure uniqueness of the solution.

D.6 Integral representations and equations

D.6.1 Integral representation

To develop for the solution u an integral representation formula over the boundary TI',
we define by (25 . the domain €2, U ); without the ball B, of radius € > 0 centered at the
point & € {2, U ();, and truncated at infinity by the ball By of radius R > 0 centered at the
origin. We consider that the ball B, is entirely contained either in €2, or in §2;, depending
on the location of its center «. Therefore, as shown in Figure D.2, we have that

Qr. = (2 UQ) N Bg) \ B-, (D.36)
where
Br={y€R®: |y| < R} and B.={yeR®: |y —=x| <e}. (D.37)
We consider similarly the boundaries of the balls
Sp={yeR®: |y| = R} and S.={ycR®: |y —=x|=¢}. (D.38)

The idea is to retrieve the domain 2, U €); at the end when the limits R — oo and ¢ — 0
are taken for the truncated domain (25 ..

FIGURE D.2. Truncated domain Qg . for x € Q. U ;.
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We apply now Green’s second integral theorem (A.613) to the functions u and G(x, -)
in the bounded domain Q2 ., yielding

0 =/ (w(y)AyG(z,y) — G(z,y)Au(y))dy
QR

- /SR <U(y)g—g(:v,y) — G(m,y)%(y)> dy(y)

_ / (u(y)g—g(w,y) - G(:c,y)%(y)) dv(y)

oG [Ou
[ (W) @) - 6w | |w)) ditw) 039
For R large enough, the integral on Sy tends to zero, since
oG C
w(y)=—(xz,y)d < —, (D.40)
/S ’ (y) ary( y)d(y)| < 4
and 5 c
U
- < = )
| cawGiwaw) <5 D41)

for some constants C' > 0, due the asymptotic decaying behavior at infinity (D.5). If the
function w is regular enough in the ball B., then the second term of the integral on S,
when £ — 0 and due (D.20), is bounded by

ou

; G(w,y)g(y) dy(y)

and tends to zero. The regularity of u can be specified afterwards once the integral repre-
sentation has been determined and generalized by means of density arguments. The first
integral term on S, can be decomposed as

/ u(y)?—i(azjy) dy(y) = ula) /S g—g@,m d(y)

Ou )

r

< € sup
yeB:

, (D.42)

0G
+ / 5 (@ y) (uly) — u(@)) dy(y), (D.43)
Se OTy
For the first term in the right-hand side of (D.43), by replacing (D.21), we have that
oG
/ 5, (@ y)diy) =1, (D.44)
S. Oy

while the second term is bounded by
oG

/S (uly) ~ wla) 5

(x.y) dv(y)‘ < s July) —u(@)|,  (D43)

which tends towards zero when € — 0.

In conclusion, when the limits R — oo and € — 0 are taken in (ID.39), then the follow-
ing integral representation formula holds for the solution w of the transmission problem:

@) = [ () @) - G| ) aw).  aeoue. 040



We observe thus that if the values of the jump of w and of its normal derivative are
known on I', then the transmission problem (D.35) is readily solved and its solution given
explicitly by (D.46), which, in terms of i and v, becomes

oG

w@) = [ (ulo) e @v) - Gayrw)) ). wcou0. D)
r Yy

To determine the values of the jumps, an adequate integral equation has to be developed,

1.e., an equation whose unknowns are the traces of the solution on I'.

An alternative way to demonstrate the integral representation (D.46) is to proceed in
the sense of distributions, in the same way as done in Section B.6. Again we obtain the
single layer potential

ou ou
{o+ |5t ]orh@ = [ @5t waw) Da4s)
associated with the distribution of sources [0u/dn]|dr, and the double layer potential
0 oG
{6+ gt fia) = - [ SZ @ wldw) D49)

associated with the distribution of dipoles % ([u]dr). Combining properly (D.48) and (D.49)
yields the desired integral representation (D.46).

We note that to obtain the gradient of the integral representation (D.46) we can pass
directly the derivatives inside the integral, since there are no singularities if x € 2, U €;.
Therefore we have that

Vute) = [ (@¥eye (@) - GGl | o ) diw). @50

We remark also that Green’s first integral theorem (A.612) implies for the solution u;
of the interior problem that

aui
r an

dy = —/ Au;dx = 0. (D.51)
Q;

Nonetheless a three-dimensional equivalent of (B.58) does no longer apply, since this inte-
gral converges to a constant as R — oo, which is not necessarily zero.

D.6.2 Integral equation

To determine the values of the traces that conform the jumps for the transmission prob-
lem (D.35), an integral equation has to be developed. For this purpose we place the source
point x on the boundary I' and apply the same procedure as before for the integral rep-
resentation (D.46), treating differently in (D.39) only the integrals on S.. The integrals
on Sg still behave well and tend towards zero as R — oo. The Ball B., though, is split
in half into the two pieces (2. N B. and {2; N B., which are asymptotically separated by
the tangent of the boundary if I is regular. Thus the associated integrals on S. give rise to
aterm —(uc(x) + u;(x))/2 instead of just —u(x) as before. We must notice that in this
case, the integrands associated with the boundary I' admit an integrable singularity at the
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point x. The desired integral equation related with (D.46) is then given by

S () @) - G|t ) 0w, wer. @)

By choosing adequately the boundary condition of the interior problem, and by considering
also the boundary condition of the exterior problem and the jump definitions (D.34), this
integral equation can be expressed in terms of only one unknown function on I'. Thus, solv-
ing the problem (D.8) is equivalent to solve (D.52) and then replace the obtained solution
in (D.46).

The integral equation holds only when the boundary I is regular (e.g., of class C?).
Otherwise, taking the limit ¢ — 0 can no longer be well-defined and the result is false in
general. In particular, if the boundary I'" has an angular point at € I, then the left-hand
side of the integral equation (D.52) is modified on that point according to the portion of
the ball B, that remains inside ¢)., analogously as was done for the two-dimensional case
in (B.61), but now for solid angles.

Another integral equation can be also derived for the normal derivative of the solu-
tion u on the boundary I', by studying the jump properties of the single and double layer
potentials. Its derivation is more complicated than for (D.52), being the specific details ex-
plicited in the subsection of boundary layer potentials. If the boundary is regular at & € T,
then we obtain

2
3@y o) = [ (1@~ (@) | i) v w). @5

OngOny, N

This integral equation is modified correspondingly if @ is an angular point.
D.6.3 Integral kernels

In the same manner as in the two-dimensional case, the integral kernels G, 0G/ 0Ny,
and 0G /On, are weakly singular, and thus integrable, whereas the kernel 9*°G /OngOn,, is
not integrable and therefore hypersingular.

The kernel G defined in (D.20) fulfills evidently (B.64) with A = 1. On the other hand,
the kernels G /On,, and OG/0n,, are less singular along I' than they appear at first sight,
due the regularizing effect of the normal derivatives. They are given respectively by

oG (y —x) - ny G (x —y) ng

Arly — |3 Arlz —y[*
It can be shown that the estimates (B.70) and (B.71) hold also in three dimensions, by using
the same reasoning as in the two-dimensional case for the graph of a regular function ¢ that
takes variables now on the tangent plane. Therefore we have that

=0 =0 g)  m G =o(
and hence these kernels satisfy (B.64) with A = 1.

), (D.55)
|z — y|
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The kernel 9*°G/Onz0n,,, on the other hand, adopts the form

0*G Ng N 3((x—vy) ng)((y—x) n
———(z,y) = — e (@ = y) na)(( - ):my) (D.56)
OngOny, Arr|ly — x| Amr|ly — x|

The regularizing effect of the normal derivatives applies only to its second term, but not to
the first. Hence this kernel is hypersingular, with A = 3, and it holds that

0°G 1
— =0l ———= ). D.57

sty == (=7 (7
The kernel is no longer integrable and the associated integral operator has to be thus inter-

preted in some appropriate sense as a divergent integral (cf., e.g., Hsiao & Wendland 2008,
Lenoir 2005, Nédélec 2001).

D.6.4 Boundary layer potentials

We regard now the jump properties on the boundary I' of the boundary layer poten-
tials that have appeared in our calculations. For the development of the integral represen-
tation (D.47) we already made acquaintance with the single and double layer potentials,
which we define now more precisely for « € (2. U €2; as the integral operators

Su(@) = / G, y)v(y) dr(y), (D.58)
0G

Du(x) = A a—%(fv, y)p(y) dvy(y). (D.59)

The integral representation (D.47) can be now stated in terms of the layer potentials as
u="Du— Sv. (D.60)

We remark that for any functions v, u : I' — C that are regular enough, the single and
double layer potentials satisty the Laplace equation, namely

ASy=0  in Q.UQ;, (D.61)
ADp=0  in Q. UQ,. (D.62)

For the integral equations (D.52) and (D.53), which are defined for € I', we require
the four boundary integral operators:

Sv(x) = /F Gz, y)v(y) dv(y), (D.63)
Duta) = [ 52 @ y)uty) dr(y). (D.64)
Dvla) = [ 5@ urw) d) (D.65)
Np(x) = /F azgﬂy(w,y)u(y) dv(y). (D.66)

The operator D* is in fact the adjoint of the operator . As we already mentioned, the
kernel of the integral operator NV defined in (D.66) is not integrable, yet we write it formally
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as an improper integral. An appropriate sense for this integral will be given below. The
integral equations (D.52) and (D.53) can be now stated in terms of the integral operators as

%(ue +u;) = Du — Sv, (D.67)
1 (Oue Ou;\ .
§(an+an)—Nu—DV. (D.68)

These integral equations can be easily derived from the jump properties of the single
and double layer potentials. The single layer potential (D.58) is continuous and its normal
derivative has a jump of size —v across [, i.e.,

Svl|g, = Sv = Sv|g,, (D.69)
0 1 .
a—nSV Q= (—5 + D ) v, (D.70)
0 1 .
%SWQ = (5 + D ) V. (D-71)

The double layer potential (D.59), on the other hand, has a jump of size p across ' and its
normal derivative is continuous, namely

1
Dule, = (5 + D) 1, (D.72)
1
Dpla, = (—5 + D) i (D.73)
g, 0
—Dulg, = Nu= —Dulg,. (D.74)
on on

The integral equation (D.67) is obtained directly either from (D.69) and (D.72), or
from (D.69) and (D.73), by considering the appropriate trace of (D.60) and by defining the
functions p and v as in (D.35). These three jump properties are easily proven by regarding
the details of the proof for (D.52).

Similarly, the integral equation (D.68) for the normal derivative is obtained directly
either from (D.70) and (D.74), or from (D.71) and (D.74), by considering the appropriate
trace of the normal derivative of (D.60) and by defining again the functions p and v as
in (D.35). The proof of these other three jump properties is done below.

a) Jump of the normal derivative of the single layer potential

Let us then study first the proof of (D.70) and (D.71). The traces of the normal deriva-
tive of the single layer potential are given by

0 :
%Sy(m) Q = QIBIIZILw VSv(z) - nyg, (D.75)
0 :
%Su(m) 0, = 9191£n—>m VSv(z) - ng. (D.76)
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Now we have that
VSv(z) - ng, = /nCB -V.G(z,y)v(y)dy(y). (D.77)
r

For ¢ > 0 we denote I. = I' N B., i.e., the portion of I' contained inside the ball B. of
radius € and centered at . By decomposing the integral we obtain that

VSu(z)'nm:/ ng-V.G(z,y)v(y) dv(y)—k/ ng V.G(z,y)v(y)dvy(y). (D.78)

I\ I.
For the first integral in (D.78) we can take without problems the limit z — «, since for a
fixed ¢ the integral is regular in . Since the singularity of the resulting kernel 0G/0n,, is
integrable, Lebesgue’s dominated convergence theorem (cf. Royden 1988) implies that
. oG oG .
lim [ ——(x,y)v(y) dy(y) = / (x, y)v(y)dy(y) = D'v(x).  (D.79)
r

e—0 I\L. 8nm anm

Let us treat now the second integral in (D.78), which is again decomposed in different
integrals in such a way that

/F ng - V.G(z,y)v(y)dy(y) = / (ne —ny) - V.G(2z,9)v(y) dy(y)

I:

= [y V.G ()~ vi@) di) + vla) [ 0y V.GzY)d(y). O30

Ie
When ¢ is small, and since I" is supposed to be regular, therefore I'. resembles a flat disc of
radius . Thus we have that
lim | (ng —ny) - V.G(z,y)v(y)dy(y) = 0. (D.81)

e—0 I

If v is regular enough, then we have also that

lim [ ny-V.,G(z,9)(v(y) —v(z))dy(y) =0. (D.82)

e—0 T
1>

For the remaining term in (D.80) we consider the solid angle © under which the almost flat
disc T is seen from point z (cf. Figure D.3). If we denote R = y — z and R = |R|, and
consider an oriented surface differential element dy = n,dv(y) seen from point 2, then
we can express the solid angle differential element by (cf. Terrasse & Abboud 2006)

R R -n,
d@zﬁ-d'y: 7

Integrating over the disc I'. and considering (D.25) yields the solid angle ©, namely

©= / de = 47r/ ny, - VyG(z,y)dy(y) = —47?/ ny - V.G(z,y)dy(y), (D.84)
r. r.

It

dy(y) = d7m, - V,G(z,y)dy(y). (D83

where —27 < © < 27. The solid angle © is positive when the vectors R and n,, point
towards the same side of I., and negative when they oppose each other. Thus if z is very
close to « and if ¢ is small enough so that I'. behaves as a flat disc, then

~1/2  if z€Q,,
/FE ny - V.G(z,y)dy(y) ~ { 12 if zeq (D.85)
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Hence we obtain the desired jump formulae (D.70) and (D.71).

z

A
/
RN
7 \
/

T,

FIGURE D.3. Solid angle under which I is seen from point z.

b) Continuity of the normal derivative of the double layer potential

We are now interested in proving the continuity of the normal derivative of the double
layer potential across I, as expressed in (D.74). This will allow us at the same time to
define an appropriate sense for the improper integral (D.66). This integral is divergent in
a classical sense, but it can be nonetheless properly defined in a weak or distributional
sense by considering it as a linear functional acting on a test function ¢ € D(R?). By
considering (D.62) and Green’s first integral theorem (A.612), we can express our values

of interest in a weak sense as

(3eDlo.s ) - /(9 Do, () d (e /vm (@) - V() de,

() dy(a /vm z) - V() dz.

0
—Dulq. = —D

From (A.588) and (D.25) we obtain the relation
0G

Thus for the double layer potential (D.59) we have that

Due) = ~div | Glahuyiny ds(y) = —div Sy (o).

being its gradient given by

VDu(z) = -V diV/ Gz, y)u(y)ny dy(y).
r
From (A.589) we have that

curly (G, y)ny) = VoG(z,y) X ny,.

Hence, by considering (A.590), (D.62), and (D.91) in (D.90), we obtain that

VDu(z) = curl /F (ny x VaG(z, y))u(y) dy(y).
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y
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(D.89)
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From (D.25) and (A.658) we have that

[ (% V6@, w)uty) drty) = - [ my % (VG ) ol

~ [ myx (G Vuy) dw).  ©

and consequently

VDu(x) = curl /]F G(@,y)(ny x Viu(y)) dy(y). (D.94)

Now, considering (A.596) and (A.618), and replacing (D.94) in (D.86), implies that

/Q VDu(z) Ve(z)de = —//G(w,y)(vu(y) xny) - (Vo(x) xng) dy(y) dy().
e rJr

(D.95)
Analogously, when replacing in (D.87) we have that

| 9Dut@) - Vet@)dw = [ [ Glau)(Valw) x m) - (Vele) x ne) dofy) do (),

(D.96)
Hence, from (D.86), (D.87), (D.95), and (D.96) we conclude the proof of (D.74). The
integral operator (D.66) is thus properly defined in a weak sense for ¢ € D(R?) by

Wi, o) =~ [ [ Gle.) (Valw) % m) - (Vol@) x na) dy(w) (@), ©7)

D.6.5 Alternatives for integral representations and equations

By taking into account the transmission problem (D.35), its integral representation
formula (D.46), and its integral equations (D.52) and (D.53), several particular alternatives
for integral representations and equations of the exterior problem (D.8) can be developed.
The way to perform this is to extend properly the exterior problem towards the interior do-
main §2;, either by specifying explicitly this extension or by defining an associated interior
problem, so as to become the desired jump properties across ['. The extension has to satisfy
the Laplace equation (D.1) in €2; and a boundary condition that corresponds adequately to
the impedance boundary condition (D.2). The obtained system of integral representations
and equations allows finally to solve the exterior problem (D.8), by using the solution of
the integral equation in the integral representation formula.

a) Extension by zero

An extension by zero towards the interior domain €2; implies that

The jumps over ' are characterized in this case by
[u] = ue = u, (D.99)
0 Ou,
G M g — fo=Zu— 1, (D.100)
on on
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where p : I' — C is a function to be determined.

An integral representation formula of the solution, for « € €2, U ();, is given by

w@) = [ (5o ()~ 20)6@9) ) utw) )+ [ Gl ) ). D101

Since

1 _ =)
§(ue(:c) + ul(w)) ==

we obtain, for € I', the Fredholm integral equation of the second kind

SR (Z@)G(m’y) - S—Ti@ay)) H@)41(w) = [ Gy L) (). ©.103

which has to be solved for the unknown p. In terms of boundary layer potentials, the
integral representation and the integral equation can be respectively expressed by

zel, (D.102)

u="D(u) —S(Zn)+S(f.) in Q. UQ;, (D.104)
g +8(Zp) — D(p) = S(f.)  on T. (D.105)
Alternatively, since
1 (Oue Ju; _ Z(x) f-(x)
5 (8n (x) + o (:I:)) == p(x) — 5 xzel, (D.106)
we obtain also, for & € I', the Fredholm integral equation of the second kind
Z(x) 0*G oG
2\ _ 7(y) —
5 (@) + /F ( Fnadn, (z,y) + (y)anm (z, y)) (y) dy(y)

L [ eyiwae. o

which in terms of boundary layer potentials becomes

gu—N(,u)jLD*(Zu) = %+D*(fz) on I (D.108)

b) Continuous impedance

We associate to (D.8) the interior problem

Find u; : €2; — C such that

Au; =0 in €, (D.109)
Ou,
—U+Zui:fz on I
n
The jumps over I' are characterized in this case by
[u] = ue —u; = p, (D.110)
ou ou. Ouy
| = — =Z(u. —w;) = Zp, D.111
Lﬁ)n} on  On (e — ) H ( )
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where j, : [' — C is a function to be determined. In particular it holds that the jump of the
impedance is zero, namely

ou ou ou;
——— 4 Zu| ="+ Zu ) — | ——=—+ Zu; ) = 0. D.112
{8n+ u} ( 8n+ ue) ( 0n+ u) 0 ( )
An integral representation formula of the solution, for € €2, U (};, is given by
oG
ww) = [ (Fo@y) - 2oy )y . O3
r Y

Since

- % (%1;; () + 27:' (w)) + @(ue@) +ui(@) = fo(x), wel, (D114

we obtain, for & € I', the Fredholm integral equation of the first kind

/[‘ (_&igny(‘”’y) + Z<y>§—i<w, y>) nly) dy(y)

+ 26 [ (§—g<x,y> - Z(y)G(w,w) u(y) dry) = fu(@). D.115)

which has to be solved for the unknown p. In terms of boundary layer potentials, the
integral representation and the integral equation can be respectively expressed by

u="D(u)—S(Zp) in Q.U (D.116)
— N(u)+ D*(Zu) + ZD(u) — ZS(Zu) = f,  on T. (D.117)
We observe that the integral equation (D.117) is self-adjoint.
¢) Continuous value

We associate to (D.8) the interior problem

Find U; - Qz — C such that

Au; =0 in €);, (D.118)
O + Zu; = f, on I.
on
The jumps over ' are characterized in this case by
1 aue 1 aue
=Ue — U = = -] —= —f.] =0, D.119
] = e — Z(an f) Z(@n f) ( )
ou ou Ou;
=T T D.120
[an] on  omn ( )

where v : [’ — C is a function to be determined.

An integral representation formula of the solution, for x € (2. U (2;, is given by the
single layer potential

ule) = - / G, y)v(y) d)(y). (d.121)
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Since

o (Gue (z) + du; (m)) + @(ue(m) +ui)) = v(x) (@), zeT. (D122)

2\ On on 2 2
we obtain, for € I', the Fredholm integral equation of the second kind
vix oG
S [ (e - 2@Gey) ) vty = Lz, D123
I x

which has to be solved for the unknown v. In terms of boundary layer potentials, the
integral representation and the integral equation can be respectively expressed by

u=—-8(v) in Q. UQ,, (D.124)
g 4+ ZSw) - D*(v)=—f.  on L. (D.125)
We observe that the integral equation (D.125) is mutually adjoint with (D.105).
d) Continuous normal derivative

We associate to (D.8) the interior problem

Find u; : €2; — C such that

—8% + Zu, = f, on I
on
The jumps over I are characterized in this case by
[u] = ue —u; = p, (D.127)
ou ou, Ou;
JE— P f— = Z e — P — Z e — z = O, D.128
[871] on  On ( e = ) ( e —f ) ( )

where 1 : I' — C is a function to be determined.

An integral representation formula of the solution, for x € €2, U §2;, is given by the

double layer potential
oG
wz) = | o—(=,y)uly) dy(y). (D.129)

T any
Since when x € T,

B 1 (8u6 (m) n ou; (iB)) n @(ue(w) + Uz($)) _ _@M(m) + fz(m), (D.130)

2\ On on 2 2

we obtain, for & € I', the Fredholm integral equation of the second kind

@“(‘”) +/F (‘afmgny(%y) + Z(m)g—z(fv,y)) u(y) dy(y) = f.(z), (D.131)

which has to be solved for the unknown p. In terms of boundary layer potentials, the
integral representation and the integral equation can be respectively expressed by

u="D(u) in Q.UQ;, (D.132)
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Zu-NG)+ZD() =f  on T (D.133)

We observe that the integral equation (D.133) is mutually adjoint with (D.108).

D.7 Far field of the solution

The asymptotic behavior at infinity of the solution u of (D.8) is described by the far
field u//. Its expression can be deduced by replacing the far field of the Green’s func-

tion G/ and its derivatives in the integral representation formula (D.46), which yields
oG1! ou |
o) = [ (w5 @) - @5 w) ) sw. @1
r Ny on |

By replacing now (D.30) and (D.31) in (D.134), we have that the far field of the solution is

u(z) = - 47T’1w|2 /F (a: ny[ul(y) -2y :%}(y)) d(y)

+f’w‘ /F [%}(y) dv(y). (D.135)

The asymptotic behavior of the solution w at infinity is therefore given by

—~

C ux(Z 1
u(x) = 2l + # + O(w), x| — oo, (D.136)
uniformly in all directions & on the unit sphere, where C' is a constant, given by
[ [5t|m e, .137)
and where
- 1 . . ou
Uso(®) = —7— A (m ny[ul(y) - &y {%}(y)) dy(y) (D.138)

is called the far-field pattern of u. It can be expressed in decibels (dB) by means of the
asymptotic cross section

Qs(2) [dB] = 20log,, ( ‘UTZ(TA)') : (D.139)
0

where the reference level v, may typically depend on wyy, but for simplicity we take ug = 1.

We remark that the far-field behavior (D.136) of the solution is in accordance with the
decaying condition (D.5), which justifies its choice.

D.8 Exterior sphere problem

To understand better the resolution of the direct perturbation problem (D.8), we study
now the particular case when the domain ., C R? is taken as the exterior of a sphere of
radius R > 0. The interior of the sphere is then given by Q; = {x € R? : |z| < R} and its
boundary by I' = 0€2., as shown in Figure D.4. We place the origin at the center of {2; and
we consider that the unit normal 7 is taken outwardly oriented of (2., i.e., n = —7r.
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N

FIGURE D.4. Exterior of the sphere.

The exterior sphere problem is then stated as

[ Find u : ). — C such that

AU = 0 in Qe;

(D.140)
% + Zu=f, on I,
or

|+ Decaying condition as [z — oo,

where we consider a constant impedance Z € C and where the asymptotic decaying con-
dition is as usual given by (D.5).

Due the particular chosen geometry, the solution u of (D.140) can be easily found
analytically by using the method of variable separation, i.e., by supposing that

u(e) = u(r0.9) = "o (¢, D.141)

where the radius r > 0, the polar angle 0 < # < 7, and the azimuthal angle —7 < ¢ < 7
denote the spherical coordinates in R?, which are characterized by

o, 2
r=\/z?+2i+23, 6=arctan (%) , (= arctan <%> (D.142)

If the Laplace equation in (D.140) is expressed using spherical coordinates, then

102 1 9 (. Ou 1 %
By replacing now (D.141) in (D.143) we obtain
W'(r) h(r)f(g) d (. dg h(r)g(0) /" () _
Tg(@)f(go) + m@ sSin 9@(9) + 3 sin29 = 0. (D144)

Multiplying by 3 sinf, dividing by hg f, and rearranging yields

o R (r) 1 d (. ,dg 'le)
2 sin%0 G +g(0)r28m9@ (st@(@))] + ) =0. (D.145)
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The dependence on ¢ has now been isolated in the last term. Consequently this term must
be equal to a constant, which for convenience we denote by —m?, i.e.,

"
[0 _ e (D.146)
f(g)
The solution of (D.146), up to a multiplicative constant, is of the form
f(p) = etime, (D.147)

For f(i) to be single-valued, m must be an integer if the full azimuthal range is allowed.
By similar considerations we find the following separate equations for g(¢) and h(r):
2

1 d /. dg . )
] (sm 9@(90 + <l(l +1)— sinQH) g(0) =0, (D.148)

r2h" (r) — (1 4+ 1)h(r) = 0, (D.149)

where [(l+ 1) is another conveniently denoted real constant. The solution A(r) of the radial
equation (D.149) is easily found to be

h(r) =a; '™t + br, (D.150)

where a;, b, € C are arbitrary constants and where [ is still undetermined. For the equation
of the polar angle 6 we consider the change of variables z = cos#. In this case (D.148)
turns into

4 ((1 - 952)%(9”)) ¥ (Z(z f1)- f;) glx)=0, @151

which corresponds to the generalized or associated Legendre differential equation (A.323),
whose solutions on the interval —1 < z < 1 are the associated Legendre functions /™
and @)}", which are characterized respectively by (A.330) and (A.331). If the solution
is to be single-valued, finite, and continuous in —1 < x < 1, then we have to exclude
the solutions ()}", take [ as a positive integer or zero, and admit for the integer m only
the values —1, —(l — 1),...,0,...,(l — 1),l. The solution of (D.148), up to an arbitrary
multiplicative constant, is therefore given by

g(0) = P"(cos ). (D.152)

It is practical to combine the angular factors ¢g() and f(¢) into orthonormal functions over
the unit sphere, the so-called spherical harmonics Y, (6, ), which are defined in (A.380).
The general solution for the Laplace equation considers the linear combination of all the
solutions in the form (D.141), namely

0o !
u(r 0,0) =3 > (A ' + B r ) (0, ), (D.153)

=0 m=—1
for some undetermined arbitrary constants A;,,, B;,, € C. The decaying condition (D.5)
implies that
A, =0, —l<m<lI, [>0. (D.154)
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Thus the general solution (D.153) turns into

0o l

u(r,0,0) = > Y B Y0, ), (D.155)
=0 m=-1
and its radial derivative is given by
ou
51,0, ) = Z Z [+ 1)By, =2 v,™(6, ). (D.156)
=0 m=—I

The constants By, in (D.155) are determined through the impedance boundary condition
on I'. For this purpose, we expand the impedance data function f, into spherical harmonics:

[e%S) l
=" fmY"(0.9), 0<0<m —m<p<m, (D.157)
=0 m=—1
where
/ / f.(0 )s1n9d9d<p, meZ, —l<m<I. (D.158)

The impedance boundary condition considers » = R and thus takes the form

ZZ( sz;l))B Y0, 0) = f.(6.0) = ZZﬁmY’”eg@ (D.159)

=0 m=-I =0 m=-1
We observe that the constants By, can be uniquely determined only if ZR # (I + 1)
for [ € Ny. If this condition is not fulfilled, then the solution is no longer unique. Therefore,
if we suppose that ZR # (I + 1) for [ € Ny, then

Rl+2 flm
ZR—(1+1)

The unique solution for the exterior sphere problem (D.140) is then given by

(42
u(r,0, ) = Z Z ( e lflﬁ,”_ 1))7"““) Y0, ¢)- (D.161)

By, = (D.160)

We remark that there is no need here for an additional compatibility condition like (B.191).

If we consider now the case when ZR = (n + 1), for some particular integer n € Ny,
then the solution v is not unique. The constants B,,, for —n < m < n are then no
longer defined by (D.160), and can be chosen in an arbitrary manner. For the existence
of a solution in this case, however, we require also the orthogonality conditions f,,, = 0
for —n < m < n, which are equivalent to

//fz )sm&d@dgo—(] —n<m<n. (D.162)

Instead of (D.161), the solution of (D.140) is now given by the infinite family of functions

¢ !
T 97()0 Z Z < RI+2 flm )) r —(I+1) Ym +Z s Ym (,0), (D.163)

0<l#n m=-1 m=-n
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where «,,, € C for —n < m < n are arbitrary and where their associated terms have the
form of surface waves, i.e., waves that propagate along I' and decrease towards the interior
of (.. The exterior sphere problem (D.140) admits thus a unique solution u, except on a
countable set of values for ZR. And even in this last case there exists a solution, although
not unique, if 2n + 1 orthogonality conditions are additionally satisfied. This behavior for
the existence and uniqueness of the solution is typical of the Fredholm alternative, which
applies when solving problems that involve compact perturbations of invertible operators.

D.9 Existence and uniqueness

D.9.1 Function spaces

To state a precise mathematical formulation of the herein treated problems, we have to
define properly the involved function spaces. For the associated interior problems defined
on the bounded set 2; we use the classical Sobolev space (vid. Section A.4)

={v: ve L*Q), Vve L* ()}, (D.164)

which is a Hilbert space and has the norm

1/2
lollen oy = (Iol32@y + 19013200 ) (D.165)

For the exterior problem defined on the unbounded domain €2., on the other hand, we
introduce the weighted Sobolev space (cf. Nédélec 2001)

1 B ' ) 9 ov
W Q) = {v : —(1 )i € L*(Q.), o

where r = |z|. If W(Q.) is provided with the norm

c L*(Q,) Vic {1,2,3}}, (D.166)

9 1/2
+ ||vu|@2(96)3> : (D.167)
L2(Qe)

lollw @) = (HW

then it becomes a Hilbert space. The restriction to any bounded open set B C (2. of the
functions of W'(€).) belongs to H'(B), i.e., we have the inclusion W'(Q.) C H}. (),
and the functions in these two spaces differ only by their behavior at infinity. We remark
that the space W (€).) contains the constant functions and all the functions of H} () that

loc
satisfy the decaying condition (D.5).

When dealing with Sobolev spaces, even a strong Lipschitz boundary I' € C%! is
admissible. In this case, and due the trace theorem (A.531), if v € H*(;) or v € W(£,),
then the trace of v fulfills

Yov = v|p € H/*(T). (D.168)

Moreover, the trace of the normal derivative can be also defined, and it holds that

ov
= — H2(1). D.169
MV an|r € (I ( )
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D.9.2 Regularity of the integral operators
The boundary integral operators (D.63), (D.64), (D.65), and (D.66) can be character-

ized as linear and continuous applications such that
g - H—l/2+s(1’\) . H1/2+5(F), D - H1/2+S(I‘) . H3/2+3(F), (D.170)
D* - H‘1/2+S(F) N H1/2+3(F), N H1/2+S(F) . H_1/2+5(F). (D.171)
This result holds for any s € R if the boundary I' is of class C'*°, which can be derived

from the theory of singular integral operators with pseudo-homogeneous kernels (cf., e.g.,
Nédélec 2001). Due the compact injection (A.554), it holds also that the operators

D:HY?() — HY?*()  and  D*: HV**() — HV*(I') (D.172)

are compact. For a strong Lipschitz boundary I' € C%!, on the other hand, these results
hold only when |s| < 1 (cf. Costabel 1988). In the case of more regular boundaries, the
range for s increases, but remains finite. For our purposes we use s = 0, namely

S HY2(T) — HY*(T), D : HY*(') — HY(I), (D.173)
D*: H (') — HY*(I), N : HY*(T') — HY*(I), (D.174)
which are all linear and continuous operators, and where the operators D and D* are com-

pact. Similarly, we can characterize the single and double layer potentials defined respec-
tively in (D.58) and (D.59) as linear and continuous integral operators such that

S:HYT) — WHQUQ,) and D:HYYD) — WH{Q.UQ). (D.175)

D.9.3 Application to the integral equations

It is not difficult to see that if 4 € H*/?(T") and v € H~'/2(T") are given, then the trans-
mission problem (D.35) admits a unique solution v € W1(Q.U$;), as a consequence of the
integral representation formula (D.47). For the direct perturbation problem (D.8), though,
this is not always the case, as was appreciated in the exterior sphere problem (D.140).
Nonetheless, if the Fredholm alternative applies, then we know that the existence and
uniqueness of the problem can be ensured almost always, i.e., except on a countable set
of values for the impedance.

We consider an impedance Z € L*°(T') and an impedance data function f, € H~'/2(T").
In both cases all the continuous functions on I" are included.

a) First extension by zero

Let us consider the first integral equation of the extension-by-zero alternative (D.103),
which is given in terms of boundary layer potentials, for . € H'/?(T), by

5+S(Zn) = D) = S(f) i H(L). (D.176)

Due the imbedding properties of Sobolev spaces and in the same way as for the full-plane
impedance Laplace problem, it holds that the left-hand side of the integral equation corre-
sponds to an identity and two compact operators, and thus Fredholm’s alternative applies.
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b) Second extension by zero

The second integral equation of the extension-by-zero alternative (D.107) is given in
terms of boundary layer potentials, for € H'/?(I), by
Z 2 S
Fh= N +D(Zp) = F+D(f:) in H 2(1). (D.177)
The operator NV plays the role of the identity and the other terms on the left-hand side are
compact, thus Fredholm’s alternative holds.

¢) Continuous impedance

The integral equation of the continuous-impedance alternative (D.115) is given in
terms of boundary layer potentials, for . € H'/?(I), by

— N(p) +D*(Zu) + ZD(p) — ZS(Zp) = f. in H Y*(I), (D.178)

Again, the operator NV plays the role of the identity and the remaining terms on the left-hand
side are compact, thus Fredholm’s alternative applies.

d) Continuous value

The integral equation of the continuous-value alternative (D.123) is given in terms of
boundary layer potentials, for v € H~/2(T'), by
g +ZSW) — D)= —f., in H YX(D). (D.179)
On the left-hand side we have an identity operator and the remaining operators are compact,
thus Fredholm’s alternative holds.

e) Continuous normal derivative

The integral equation of the continuous-normal-derivative alternative (D.131) is given
in terms of boundary layer potentials, for n € H'/?(T), by
A
Sh= N +2ZD(p) = f. i H-V2(T). (D.180)
As before, Fredholm’s alternative again applies, since on the left-hand side we have the
operator /N and two compact operators.

D.9.4 Consequences of Fredholm’s alternative

Since the Fredholm alternative applies to each integral equation, therefore it applies
also to the exterior differential problem (D.8) due the integral representation formula. The
existence of the exterior problem’s solution is thus determined by its uniqueness, and the
impedances Z € C for which the uniqueness is lost constitute a countable set, which
we call the impedance spectrum of the exterior problem and denote it by o,. The exis-
tence and uniqueness of the solution is therefore ensured almost everywhere. The same
holds obviously for the solution of the integral equation, whose impedance spectrum we
denote by ¢. Since each integral equation is derived from the exterior problem, it holds
that 0 C ¢z. The converse, though, is not necessarily true and depends on each particular
integral equation. In any way, the set ¢z \ o is at most countable.
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Fredholm’s alternative applies as much to the integral equation itself as to its adjoint
counterpart, and equally to their homogeneous versions. Moreover, each integral equation
solves at the same time an exterior and an interior differential problem. The loss of unique-
ness of the integral equation’s solution appears when the impedance Z is an eigenvalue
of some associated interior problem, either of the homogeneous integral equation or of its
adjoint counterpart. Such an impedance Z is contained in ¢.

The integral equation (D.105) is associated with the extension by zero (D.98), for
which no eigenvalues appear. Nevertheless, its adjoint integral equation (D.125) of the
continuous value is associated with the interior problem (D.118), whose solution is unique
for all Z # 0.

The integral equation (D.108) is also associated with the extension by zero (D.98),
for which no eigenvalues appear. Nonetheless, its adjoint integral equation (D.133) of
the continuous normal derivative is associated with the interior problem (D.126), whose
solution is unique for all Z, without restriction.

The integral equation (D.117) of the continuous impedance is self-adjoint and is asso-
ciated with the interior problem (D.109), which has a countable quantity of eigenvalues Z.

Let us consider now the transmission problem generated by the homogeneous exterior
problem
Find u, : 2, — C such that

Au, =0 in .,
(D.181)
_ O + Zu. =0 on I,
on

+ Decaying condition as |x| — oo,

and the associated homogeneous interior problem

Find u; : ©2; — C such that

Au; =0 in €,
ou;
on

where the asymptotic decaying condition is as usual given by (D.5), and where the unit
normal n always points outwards of €)..

(D.182)

+ Zu; =0 on I

As in the two-dimensional case, it holds again that the integral equations for this trans-
mission problem have either the same left-hand side or are mutually adjoint to all other
possible alternatives of integral equations that can be built for the exterior problem (D.8),
and in particular to all the alternatives that were mentioned in the last subsection. The
eigenvalues Z of the homogeneous interior problem (D.182) are thus also contained in .

We remark that additional alternatives for integral representations and equations based
on non-homogeneous versions of the problem (D.182) can be also derived for the exterior
impedance problem (cf. Ha-Duong 1987).
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The determination of the impedance spectrum o, of the exterior problem (D.8) is not
so easy, but can be achieved for simple geometries where an analytic solution is known.

In conclusion, the exterior problem (D.8) admits a unique solution u if Z ¢ o, and
each integral equation admits a unique solution, either i or v, if Z ¢ ¢.

D.10 Variational formulation

To solve a particular integral equation we convert it to its variational or weak formu-
lation, i.e., we solve it with respect to certain test functions in a bilinear (or sesquilinear)
form. Basically, the integral equation is multiplied by the (conjugated) test function and
then the equation is integrated over the boundary of the domain. The test functions are
taken in the same function space as the solution of the integral equation.

a) First extension by zero

The variational formulation for the first integral equation (D.176) of the extension-by-
zero alternative searches ;1 € H'/?(T) such that Vi € HY/?(T)

<g+S(Zu) —D(u),¢> = (S(f.) ¥)- (D.183)

b) Second extension by zero

The variational formulation for the second integral equation (D.177) of the extension-
by-zero alternative searches ;€ H'/?(T") such that Vo € H'/?(T")

(Zn-nt+ 0z 0 ) = (£ + D010, (D.184)

c¢) Continuous impedance

The variational formulation for the integral equation (D.178) of the alternative of the
continuous-impedance searches y € H'/?(T") such that Vi € HY/2(T')

(= N(u) +D*(Zp) + ZD(p) — ZS(Zp), ) = (for ) (D.185)
d) Continuous value

The variational formulation for the integral equation (D.179) of the continuous-value
alternative searches v € H~/2(I") such that Vip € H~'/?(T")

(L +250) - D"(v),0) = (- f..0). (D.186)

e) Continuous normal derivative

The variational formulation for the integral equation (D.180) of the continuous-normal-
derivative alternative searches ;1 € H'/?(T) such that Vo € HY/2(T")

(5n= N0+ 2D, ) = (L) (D.187)

491



	CONTENTS
	LIST OF FIGURES
	LIST OF TABLES
	RÉSUMÉ
	ABSTRACT
	I. INTRODUCTION
	1.1. Foreword
	1.2. Motivation and overview
	1.2.1. Wave propagation
	1.2.2. Numerical methods
	1.2.3. Wave scattering and impedance half-spaces
	1.2.4. Applications

	1.3. Objectives
	1.4. Contributions
	1.5. Outline

	II. HALF-PLANE IMPEDANCE LAPLACE PROBLEM
	2.1. Introduction
	2.2. Direct scattering problem
	2.2.1. Problem definition
	2.2.2. Incident field

	2.3. Green's function
	2.3.1. Problem definition
	2.3.2. Special cases
	2.3.3. Spectral Green's function
	2.3.4. Spatial Green's function
	2.3.5. Extension and properties
	2.3.6. Complementary Green's function

	2.4. Far field of the Green's function
	2.4.1. Decomposition of the far field
	2.4.2. Asymptotic decaying
	2.4.3. Surface waves in the far field
	2.4.4. Complete far field of the Green's function

	2.5. Integral representation and equation
	2.5.1. Integral representation
	2.5.2. Integral equation

	2.6. Far field of the solution
	2.7. Existence and uniqueness
	2.7.1. Function spaces
	2.7.2. Application to the integral equation

	2.8. Dissipative problem
	2.9. Variational formulation
	2.10. Numerical discretization
	2.10.1. Discretized function space
	2.10.2. Discretized integral equation

	2.11. Boundary element calculations
	2.12. Benchmark problem

	III. HALF-PLANE IMPEDANCE HELMHOLTZ PROBLEM
	3.1. Introduction
	3.2. Direct scattering problem
	3.2.1. Problem definition
	3.2.2. Incident and reflected field

	3.3. Green's function
	3.3.1. Problem definition
	3.3.2. Special cases
	3.3.3. Spectral Green's function
	3.3.4. Spatial Green's function
	3.3.5. Extension and properties

	3.4. Far field of the Green's function
	3.4.1. Decomposition of the far field
	3.4.2. Volume waves in the far field
	3.4.3. Surface waves in the far field
	3.4.4. Complete far field of the Green's function

	3.5. Numerical evaluation of the Green's function
	3.6. Integral representation and equation
	3.6.1. Integral representation
	3.6.2. Integral equation

	3.7. Far field of the solution
	3.8. Existence and uniqueness
	3.8.1. Function spaces
	3.8.2. Application to the integral equation

	3.9. Dissipative problem
	3.10. Variational formulation
	3.11. Numerical discretization
	3.11.1. Discretized function spaces
	3.11.2. Discretized integral equation

	3.12. Boundary element calculations
	3.13. Benchmark problem

	IV. HALF-SPACE IMPEDANCE LAPLACE PROBLEM
	4.1. Introduction
	4.2. Direct scattering problem
	4.2.1. Problem definition
	4.2.2. Incident field

	4.3. Green's function
	4.3.1. Problem definition
	4.3.2. Special cases
	4.3.3. Spectral Green's function
	4.3.4. Spatial Green's function
	4.3.5. Extension and properties

	4.4. Far field of the Green's function
	4.4.1. Decomposition of the far field
	4.4.2. Asymptotic decaying
	4.4.3. Surface waves in the far field
	4.4.4. Complete far field of the Green's function

	4.5. Numerical evaluation of the Green's function
	4.6. Integral representation and equation
	4.6.1. Integral representation
	4.6.2. Integral equation

	4.7. Far field of the solution
	4.8. Existence and uniqueness
	4.8.1. Function spaces
	4.8.2. Application to the integral equation

	4.9. Dissipative problem
	4.10. Variational formulation
	4.11. Numerical discretization
	4.11.1. Discretized function spaces
	4.11.2. Discretized integral equation

	4.12. Boundary element calculations
	4.13. Benchmark problem

	V. HALF-SPACE IMPEDANCE HELMHOLTZ PROBLEM
	5.1. Introduction
	5.2. Direct scattering problem
	5.2.1. Problem definition
	5.2.2. Incident and reflected field

	5.3. Green's function
	5.3.1. Problem definition
	5.3.2. Special cases
	5.3.3. Spectral Green's function
	5.3.4. Spatial Green's function
	5.3.5. Extension and properties

	5.4. Far field of the Green's function
	5.4.1. Decomposition of the far field
	5.4.2. Volume waves in the far field
	5.4.3. Surface waves in the far field
	5.4.4. Complete far field of the Green's function

	5.5. Numerical evaluation of the Green's function
	5.6. Integral representation and equation
	5.6.1. Integral representation
	5.6.2. Integral equation

	5.7. Far field of the solution
	5.8. Existence and uniqueness
	5.8.1. Function spaces
	5.8.2. Application to the integral equation

	5.9. Dissipative problem
	5.10. Variational formulation
	5.11. Numerical discretization
	5.11.1. Discretized function spaces
	5.11.2. Discretized integral equation

	5.12. Boundary element calculations
	5.13. Benchmark problem

	VI. HARBOR RESONANCES IN COASTAL ENGINEERING
	6.1. Introduction
	6.2. Harbor scattering problem
	6.3. Computation of resonances
	6.4. Benchmark problem
	6.4.1. Characteristic frequencies of the rectangle
	6.4.2. Rectangular harbor problem


	VII. OBLIQUE-DERIVATIVE HALF-PLANE LAPLACE PROBLEM
	7.1. Introduction
	7.2. Green's function problem
	7.3. Spectral Green's function
	7.3.1. Spectral boundary-value problem
	7.3.2. Particular spectral Green's function
	7.3.3. Analysis of singularities
	7.3.4. Complete spectral Green's function

	7.4. Spatial Green's function
	7.4.1. Decomposition
	7.4.2. Term of the full-plane Green's function
	7.4.3. Term associated with a Dirichlet boundary condition
	7.4.4. Remaining term
	7.4.5. Complete spatial Green's function

	7.5. Extension and properties
	7.6. Far field of the Green's function
	7.6.1. Decomposition of the far field
	7.6.2. Asymptotic decaying
	7.6.3. Surface waves in the far field
	7.6.4. Complete far field of the Green's function


	VIII. CONCLUSION
	8.1. Discussion
	8.2. Perspectives for future research

	REFERENCES
	APPENDIX
	A. MATHEMATICAL AND PHYSICAL BACKGROUND
	A.1. Introduction
	A.2. Special functions
	A.2.1. Complex exponential and logarithm
	A.2.2. Gamma function
	A.2.3. Exponential integral and related functions
	A.2.4. Bessel and Hankel functions
	A.2.5. Modified Bessel functions
	A.2.6. Spherical Bessel and Hankel functions
	A.2.7. Struve functions
	A.2.8. Legendre functions
	A.2.9. Associated Legendre functions
	A.2.10. Spherical harmonics

	A.3. Functional analysis
	A.3.1. Normed vector spaces
	A.3.2. Linear operators and dual spaces
	A.3.3. Adjoint and compact operators
	A.3.4. Imbeddings
	A.3.5. Lax-Milgram's theorem
	A.3.6. Fredholm's alternative

	A.4. Sobolev spaces
	A.4.1. Continuous function spaces
	A.4.2. Lebesgue spaces
	A.4.3. Sobolev spaces of integer order
	A.4.4. Sobolev spaces of fractional order
	A.4.5. Trace spaces
	A.4.6. Imbeddings of Sobolev spaces

	A.5. Vector calculus and elementary differential geometry
	A.5.1. Differential operators on scalar and vector fields
	A.5.2. Green's integral theorems
	A.5.3. Divergence integral theorem
	A.5.4. Curl integral theorem
	A.5.5. Other integral theorems
	A.5.6. Elementary differential geometry

	A.6. Theory of distributions
	A.6.1. Definition of distribution
	A.6.2. Differentiation of distributions
	A.6.3. Primitives of distributions
	A.6.4. Dirac's delta function
	A.6.5. Principal value and finite parts

	A.7. Fourier transforms
	A.7.1. Definition of Fourier transform
	A.7.2. Properties of Fourier transforms
	A.7.3. Convolution
	A.7.4. Some Fourier transform pairs
	A.7.5. Fourier transforms in 1D
	A.7.6. Fourier transforms in 2D

	A.8. Green's functions and fundamental solutions
	A.8.1. Fundamental solutions
	A.8.2. Green's functions
	A.8.3. Some free-space Green's functions

	A.9. Wave propagation
	A.9.1. Generalities on waves
	A.9.2. Wave modeling
	A.9.3. Discretization requirements

	A.10. Linear water-wave theory
	A.10.1. Equations of motion and boundary conditions
	A.10.2. Energy and its flow
	A.10.3. Linearized unsteady problem
	A.10.4. Boundary condition on an immersed rigid surface
	A.10.5. Linear time-harmonic waves
	A.10.6. Radiation conditions

	A.11. Linear acoustic theory
	A.11.1. Differential equations
	A.11.2. Boundary conditions


	B. FULL-PLANE IMPEDANCE LAPLACE PROBLEM
	B.1. Introduction
	B.2. Direct perturbation problem
	B.3. Green's function
	B.4. Far field of the Green's function
	B.5. Transmission problem
	B.6. Integral representations and equations
	B.6.1. Integral representation
	B.6.2. Integral equations
	B.6.3. Integral kernels
	B.6.4. Boundary layer potentials
	B.6.5. Calderón projectors
	B.6.6. Alternatives for integral representations and equations
	B.6.7. Adjoint integral equations

	B.7. Far field of the solution
	B.8. Exterior circle problem
	B.9. Existence and uniqueness
	B.9.1. Function spaces
	B.9.2. Regularity of the integral operators
	B.9.3. Application to the integral equations
	B.9.4. Consequences of Fredholm's alternative
	B.9.5. Compatibility condition

	B.10. Variational formulation
	B.11. Numerical discretization
	B.11.1. Discretized function spaces
	B.11.2. Discretized integral equations

	B.12. Boundary element calculations
	B.12.1. Geometry
	B.12.2. Boundary element integrals
	B.12.3. Numerical integration for the non-singular integrals
	B.12.4. Analytical integration for the singular integrals

	B.13. Benchmark problem

	C. FULL-PLANE IMPEDANCE HELMHOLTZ PROBLEM
	C.1. Introduction
	C.2. Direct scattering problem
	C.3. Green's function
	C.4. Far field of the Green's function
	C.5. Transmission problem
	C.6. Integral representations and equations
	C.6.1. Integral representation
	C.6.2. Integral equations
	C.6.3. Integral kernels
	C.6.4. Boundary layer potentials
	C.6.5. Alternatives for integral representations and equations

	C.7. Far field of the solution
	C.8. Exterior circle problem
	C.9. Existence and uniqueness
	C.9.1. Function spaces
	C.9.2. Regularity of the integral operators
	C.9.3. Application to the integral equations
	C.9.4. Consequences of Fredholm's alternative

	C.10. Dissipative problem
	C.11. Variational formulation
	C.12. Numerical discretization
	C.12.1. Discretized function spaces
	C.12.2. Discretized integral equations

	C.13. Boundary element calculations
	C.14. Benchmark problem

	D. FULL-SPACE IMPEDANCE LAPLACE PROBLEM
	D.1. Introduction
	D.2. Direct perturbation problem
	D.3. Green's function
	D.4. Far field of the Green's function
	D.5. Transmission problem
	D.6. Integral representations and equations
	D.6.1. Integral representation
	D.6.2. Integral equation
	D.6.3. Integral kernels
	D.6.4. Boundary layer potentials
	D.6.5. Alternatives for integral representations and equations

	D.7. Far field of the solution
	D.8. Exterior sphere problem
	D.9. Existence and uniqueness
	D.9.1. Function spaces
	D.9.2. Regularity of the integral operators
	D.9.3. Application to the integral equations
	D.9.4. Consequences of Fredholm's alternative

	D.10. Variational formulation
	D.11. Numerical discretization
	D.11.1. Discretized function spaces
	D.11.2. Discretized integral equations

	D.12. Boundary element calculations
	D.12.1. Geometry
	D.12.2. Boundary element integrals
	D.12.3. Numerical integration for the non-singular integrals
	D.12.4. Analytical integration for the singular integrals

	D.13. Benchmark problem

	E. FULL-SPACE IMPEDANCE HELMHOLTZ PROBLEM
	E.1. Introduction
	E.2. Direct scattering problem
	E.3. Green's function
	E.4. Far field of the Green's function
	E.5. Transmission problem
	E.6. Integral representations and equations
	E.6.1. Integral representation
	E.6.2. Integral equations
	E.6.3. Integral kernels
	E.6.4. Boundary layer potentials
	E.6.5. Alternatives for integral representations and equations

	E.7. Far field of the solution
	E.8. Exterior sphere problem
	E.9. Existence and uniqueness
	E.9.1. Function spaces
	E.9.2. Regularity of the integral operators
	E.9.3. Application to the integral equations
	E.9.4. Consequences of Fredholm's alternative

	E.10. Dissipative problem
	E.11. Variational formulation
	E.12. Numerical discretization
	E.12.1. Discretized function spaces
	E.12.2. Discretized integral equations

	E.13. Boundary element calculations
	E.14. Benchmark problem


